LIFE ANNUITIES

5-1 Introduction:

Over the years the life insurance business has
come to be one of the most important industries in the
nation. According to a report made by the American
Council of Life Insurance, the insurance companies of
the United States had assets worth $771 million in
1890, but this amount had increased to more than
$1,942 billion in 1994.” Most of these dollars are
earmarked to meet the life insurance companies’
future obligations to policy-holders. One such
obligation is the life annuity. which will be discussed
in this chapter.

The basic idea of a life annuity is simple. People
generally find it rather difficult to save enough money
during their working years to support themselves in
their old age. Furthermore, individuals themselves
would not need their savings should they die before
reaching retirement age. With a life annuity, each
person within an age group con-tributes an equal
amount of money to an agent, such as an insurance
company, for the purpose of sharing in the total
amount at a future date, provided that person is still
alive.

Survivors can later enjoy an amount larger than
their original contributions, since some of the
contributors will not be alive then and interest is paid
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by the insurance company for use of the contributions.
Since no one knows if he or she will be alive on a
particular future date and the annuity is payable
depending on a future occurrence, a life annuity is a
type of contingent annuity.

The basic idea of life insurance is the same as
that of life annuity. Both life insurance and life
annuity contracts are designed for protection against
the contingency of future life. However, a life annuity
Is provided for the purchaser of the annuity (the
annuitant) to use the money in old age, whereas the
purchaser of life insurance (the insured) is not usually
the one who receives the benefits of the life insurance
contract (the policy). A life annuity is payable to the
annuitant by the insurance company if the annuitant is
still alive on an indicated date, according to the
annuity contract. Life insurance is payable to the
beneficiary of the insured if the insured dies within
the indicated time stated in the insurance policy. Thus,
the life annuity is not a life insurance contract.
However, since the mathematics of a life annuity, or
actuarial calculation, is based on a concept similar to
that used in life insurance, life annuities have always
been considered as part of the life insurance business
and are among the oldest types of insurance contracts.

The cost, which is used to provide funds for the
payment of the benefit according to a life annuity or
160
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an insurance contract, is called the net premium. In
addition to the net premium, other amounts of money
that are charged by an insurance company are called
loading costs, which include the profit element and
the operating expenses of the company, such as
salaries, rent, and depreciation. The sum of the net
premium and the loading costs is called the gross
premium. Since both the operating expenses and the
profit rates differ among insurance companies, for the
sake of simplicity, only the net premium is computed
in this and the following chapters

The fundamental relationship between the net
premium and the future benefits under any type of
annuity contract or insurance policy may be expressed
on the purchase date as follows:

Present value of net premium = Present value of future
benefit(s)

The net premium may be paid in a single
amount, called the net single premium, on the
purchase date. It may also be paid in equal annual
payments, called the net annual premiums. Net single
premiums are generally paid for annuity contracts,
while net annual premiums are usually paid for life
insurance policies. However, a knowledge of the net
single premium is necessary in computing a set of net
annual premiums for an insurance policy.
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Insurance companies usually invest their
collected premiums in various fields to earn interest at
rates that fluctuate on the money market. The interest
income is first used as a portion of the reserve for the
benefit of policyholders. (See Section 20.7B, Uses of
the Terminal Reserve.) If the interest income and the
collected premiums exceed the reserve requirements,
payments of claims, and administrative expenses, the
Insurance company may use the excess as a dividend
payable to policyholders. In order to simplify the
mathematical illustrations, unless otherwise specified,
net premiums are computed at a nominal interest rate
of 4% in all problems in this text.

Generally, the age of a purchaser on his or her
last birthday (ALB) or nearest birthday (ANB) is
taken in computing the purchase price of an insurance
contract. However, if it is computed on the last
birthday, a pro rata allowance is sometimes made for
each month that has elapsed since the last birthday. In
simplifying the computation in this and the next
chapters, unless otherwise specified (for example,
ANB is specified in Table 14 in the Appendix), it is
assumed that all annuity contracts and insurance
policies are made on the purchaser’s birthday. Thus,
the expression “a person aged 25” means that the
person reaches his 25th birthday on the purchase date.
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The computation of life annuity and life
insurance net premiums is primarily based on a
mortality table. A mortality table is a statistical table
showing the death rate of people of every age group.
Although nobody can predict how long a certain
individual will live or when that individual will die,
studies of the mortality of people based on years of
experience enable insurance companies to make a
reasonably accurate prediction of the death rate of any
particular age group. A large representative group of
people, usually policyholders, is included in each
study. The number of people living and dying in each
age group is recorded and the findings are tabulated.
For example, the American Experience Table was
calculated from the mortality experience of the
Mutual Life Insurance Company of New York. As a
result of the development of actuarial science, medical
discoveries, and a higher standard of living that
prolongs the life of individuals, new mortality tables
have become necessary and have been constructed to
meet the current needs of the life insurance business.
The best-known mortality tables used in recent years
by life insurance companies are as follows:

American Experience Table of Mortality-First
published as a part of New York law in 1868.
Covered experience, 1843-58.
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American Men Ultimate Mortality Table-Published
in 1918. Covered experience, 1900-15.

The 1937 Standard Annuity Mortality Table-
Published in 1938. Based primarily on experience,
1932-36.

Commissioners’ 1941 Standard Ordinary Table of
Mortality-Based on experience, 1930-40.

Commissioners’ 1958 Standard Ordinary Table of
Mortality-Based on experience, 1950-54.

Commissioners’ 1980 Standard Ordinary Table of
Mortality-Based on experience, 1970-75.

The 1983 Individual Annuity Table-Based on
experience, 1971-76.

United States Total Population Mortality Table-
Based on experience, 1979-81.

The basic principle involved in the computation
of life annuity and life insurance problems is not
affected by the use of a particular mortality table. This
text will use two mortality tables, Table 12 and Table
14 in the Appendix, for illustration and updating
pUrposes:

1. Table 12-The Commissioners’ 1958 Standard
Ordinary Table of Mortality, commonly referred to
as the 1958 CSO Table. The Table of
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Commutation Columns (Table 13 in the
Appendix), interest at 4%, computed by the
Society of Actuaries based on the 1958 CSO Table
is used to compute various life annuity and life
insurance problems in this text. For many years, in
assisting the computation of the complicated and
laborious life annuity and life insurance problems,
commutation columns, based on the 1941 and
1958 CSO Tables, respectively, were computed
and compiled by the Society of Actuaries. Table 13
is the latest available Table of Commutation
Columns and is therefore used here for illustrating
the basic principle of the computation.

2. Table 14-The Commissioners’ 1980 Standard
Ordinary Table of Mortality, or 1980 CSO Table.
There was no Table of Commutation Columns,
based on the 1980 CSO Table, developed by the
Society of Actuaries. The Society felt that this
table was not necessary, given the computing
power that was available.

Table 14 is now used by most of the life
insurance companies to compute premiums and
benefits. For our practical reasons, the work of using
computer programs to solve every problem in this text
is beyond the scope of this book. Thus, only selected
problems are used in illustrations.
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However, the Committee On Specifications
for 1980 CSO Tables, formed by the Society of
Actuaries in 1981, made a slight modification of
traditional commutation functions. The specifications
start from a radix (for age nearest birthday functions)
of 200 lives at age 99 instead of starting from a radix
at age 0. (See Table 14.) Also the basic commutation
functions are stated in terms of (I + i) instead of v.
(See the note in Example 1, Section 19.3.)

The Committee had attempted to follow the
1958 CSO specifications as much as possible with the
assumption that anyone who had developed computer
programs to follow those specifications would wish to
make the minimum modifications to those programs.2
This assumption is also made in our text presentation
below.

In conclusion, we thus use the 1958 CSO Table
and its related Table of Commutation Columns to
illustrate the basic methods of computing the life
annuity and life insurance problems in this chapter
and the next. However, the 1980 CSO Table is also
used in some illustrations to give the updated
information.

Note that most of the mathematical symbols used in
this chapter and the next are based on the statement of
the “International Actuarial Notation,” established by
the Actuarial Society of America. From the 1958 CSO
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Table, the symbols that are used frequently in this
chapter are:

Ix, the number of people living at age X, and dx, the number of people
who
will die between the ages x and x + 17, The table is based on & study of 10 million peo-
ple starting at the age of 0, or ly = 10,000,000, A total of 70,800 persons from the group
will die between the ages of 0 and 1. Thus, the number of people living at age | 1s:

L= by = do = 10,000,000 = 70,800 = 9,929 (00 Likewise,
b=l = dy=9929200 - 17475 =9911,725, andsoon.  (inTable 12)

The approach of constructing the 1980 CSO Table was modified. That table is based
on a group of 200 lives at age 99, or ly = 200. The given death rate per 1,000 at age 98
is 657.98 for males. Thus,

Iy = log = das = lyg = Iyl 657.98/1,000) = Ly 34202) = 200
Iy = 200034202 = 585.  Likewise,

lug = lyy = dygy = lyy = ls(480.2001,000) = Ly 51980) = 585.
lyy = 585/.51980 = 1,125, andsoon. (in Table 14)
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EXAMPLE 1 | Find the death rate for o person aged 30 (writien as g} from (a) the 1958 CSO Table,

and (b} the 1980 CSO Table, Which one of the death rates s the highest?
(a) From the 1958 CSO Table:

d” ZID,W‘

= 980358

= (0213 (per person)
The value of gy can be obtained directly from the deaths per 1,000 column. The
table shows thit the death rate per 1,000 at age 3015 2,13,

3
0= 00

= 00213

{b) From the 1980 CSO Table:
For males, the death mie per 1000 at age 30 is 1.73,
g = LTH1,000 = 000173
For females, the death rte per 1,000 atage 30 is 1.33,
gy = 131000 = D.ODI3S
The death rate computed from the 1958 CSO Table is the highest, at 000213 per

person,

EXERCISE 19-1 REFERENCE; SECTION 19.2

A. Find the number of people in each of the following expressions (use Table 12);
1Lk (h} to () fy () L (e} b )l
2. () In (b) In © Ly ) I (e) b ()l

3 (i ) dw= <) d= d) do () da ™
4 () do (b) dy {) dg (d) dw (e) dy ) dao

B. Sutement problems (use Table 12):

5. Find the ceath rute per thousand for pensons aged (a) 8, (b} 200, (c) 56, (€1 70

6, Find the death rute per thousand for persons aged {a) 10, (b) 25, (¢) 61.{4) B&.

7. From a group of 50,000 now age 18, how many will probably (a) be alive at age 50,
and (b) die after reaching age 50 bat before reaching age 517

&. From a group of S0,000 now age 25, how many are predicted (a) to be alive at age
63, and (b) 1o die after reaching age 65 bat before reaching age 667
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company may be thought of as an agent that collects premiums on the purchase date and
pays benefits during later years. The total cost to an insurance company on the purchase
date should be divided by the number of annuitants living at that time. Thus. the net
single premium for cach annuitant is:

121,228.15

= $1.24765, 2
37 168 $1.24765, or S§125

In general,

let o, = the pet single premium, or the present value, of an ordinary whole life annvity of $1
payable at the end of each year for a person whose age now is x years

Then

an
D,

a, =

(19-2p°

"Peoof—Formula (19-2):

The steps necessary in finding the value of 4, are the same s those used in Example | and ase shown sym-
holically & follows:

..... X %x 41 Xx*3 x4 'n
Amzlt x;l x+2 x+3 o9
Cost ... PP .x'a Ix'es 'so
Present value (at age x) I
ey 1+0!
B
RN L) it

oy i1+

Totul present value of the costs = Lo (1 # 0) 1 b Lol = 077 + Lol + 47 % -0
' {wll * i) Wen
Letv= (=it
The present valoe = vl + V3 + V¥ + 0o 4 ¥
Let 4, = the pet single premium, or the present value of an ordinary whole life annuity of §1 payable a1 the
end of cach year for 2 person whose age now is x years.
Toeal present value of the costs

“ = Number of annutants at age x on the parchase date
_ Wy # Vlos + Play 000+ 902,
= =t "
Multiply both the our and the denomi by . Then
P AV e WPy
a, =

v,
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Let R = the annual payment to the anauitant
A = the net single premium foe an ordinary whote fife anauity that pays R per year for life
Then
A=Ra,=R-— (19-3)
D,
The valaes of N, and D,. based on an inserest rate of 23% compounded annually, are
listed in Table 13,
EXAMPLE 2 | Refer to Exampie 1. Solve using Formuia (19-3).
R=$Lx=95
_ o N N _ 16100087
A=1 De D _9.305_"&0 124765, or S125
NOTE: According to the modifications made by the Committee on Specifications for the
1980 CSO Tables, the division Nae/Dys may also be performed by using computers in
u different manner. See Section 19.6, Example 1.
EXAMPLE 3 | A person aged 35 wishes o purchase an ordinary whole life annuity that will pay

$1,000 at the age of 36 and the szme amount at the end of each year thereafier for life.
Find the net single premium of the anmuity.
Smccth:ﬁmpaymmmlobemdeoneyuuﬁumtdmdwchse.m:cmum
is an ordinary whole life annuity. Th:mmmulsmdwbcl,‘!
=135 R = $1,000

Snbs&nﬁngd:nbmevﬂminﬁrmnh(l%ﬁ.

Nisy ”\Sol

A=R~E-=R D = 1,000« 5'5
§9,936,987.56
= L0 - 2.949,851.09 $277478  (Table 13)
“Proof{ continued |

Accordieg to Sectica 193 (focmote 4), D, = v, Thas,
Doy * Dz + Dys + -+ Dy
D,
LN, =0, + Doy * Doy + -+ = D5 Then
Ny =Dy * Dyus + -+ D and
Neot

.= 9.2,
=7 (19-2)

o=

Note: If we multiply buth memerator and desominamr of o, by (1 4 9% matead of v, we thes have:
D= (1= " Uy Doy = (| + PRF0 L,
and 50 on. Allso, see footnole 5.
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EXAMPLE 4

A person aged 25 has $30,000. If the money is used to purchase un ordinary whole
life annuity with the first payment payable one year from the purchase date, what 15
the size of cach anmal payment?

| The net single peemium of the annvity is knowa, $50,000 = 4, r = 25, R = 7
Substituting the above values in Formula (19-3),

Ny Vo
M0 =R-———=R-—=
Dy e

s 5.165.007.95

= &0 === 30,000 + ——————— = $].917.50 ]
R = 300 S aasa 6 = 3191759 per year)

EXERCISE 19-3 REFERENCE: SECTION 19.4A

L. A person aged 20 wishes to purchase an ordinary whole life unnuity that will pay
$3,000 ut age 21 and the sume amount at the end of each year thereafter. Whit is the
net single premiom of the annuity?
. Aperson aged 32 wants to bay an snnuity that will pay $2.500 annually for life with
the first payment to be made one year after the purchase date, What is the purchase
price (the pet single premium)?
3, Find the net single premium for an ordinary whole life annuity of $2,500 per year
for a person now aged 60,
4. What is the net single premium for an ordinary whole life annuity of $1.000 per year
for & pemson now agad 30
5. Find the net single premism for an ordinary whole fife annuity of $2,000 payable at
the erd of each year for a person now aged 45.
6. Compute the net single premium for an ordinary whole life annuity of §3,000 per
year if the unnuity is bought by a person now aged 40.
7. What s the net single premium for an ordinary whole life aanuity of $4,000 per year
for a person now aged 507
8. Find the net singh: premiom for an oedinary whole life annuity of 35,000 payable ar
the end of each year for a person now aged §5.
9. If the net singhe premium of an ordinury whole life annuity for a person now aged
30ris $20.000, what is the size of each annual payment?
10t Refer 1o Problem 9. What is the size of each annual payment if the annuity is.
purchased by a person nged 227

1L A person aged 27 has $120,000. 1f the money is wsed to buy an erdinary whole life
annuity with the first payment to be made one year from the purchase date, what is
the size of each unnwal payment?

12, A person aged 48 paid $70,000 for an ordinary whole life annuity with the fust

payment to be made in one year. Find the size of the annual payment.

ro

B, Whole Life Annuity Due

The first payment of an ordinary whole life annuity is made one yeur after the date of
purchase, whereas the fisst payment of @ whole life annuity die is made ot the time of
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EXAMPLE 5

EXAMPLE 6

purchase. Thus, if the annual payment 1 $1, (he net single premium of a whole lite
anniity due on the purchiase date is 3/ move than the net single premium of an ordinary
whole life annuity.

Let &, = the net single premaum, or the peesent value, of » whole life annaty due of $1 payable
caw and cach year bereafter for life for a persan now aged x years

Then

. =1+a, o

a=— -4y

Let  A{due) = the ves single premivm or the present value of a whole life anmity due thit will
pay & per year for |ife
N

Aldue) = Ri, =R - = 119-5)
D,

A person aged 35 wishes to purchase a whole life annuity that will pay $1.000 now
und the same amount at the end of each year thereafier for hife. Find the net single
premiem of the anmuity.

x =35, R = $1,000. Swnce the first payment is made mow, this is a whole life anna-
ity due problem, The pet single premium is:
Ny 93,506,828 64

=R, = 1000 - —== | 000+
o - Dys R 3949,851.09

= $23,774.78

Example 5 is identical to Example 3, excepl that the first payment in Example 5
is made at the time of purchase, Since the annuitant receives $1.000 at the ume
of purchase, the cost is zlso $1.000 higher than the cost i Example 3. Thus, the
difference between the two purchase prices in Examples 5 and 3 is $1,000, or
$23.774.78 — $22.774.78.

A person aged 25 owes a life insurance company S50.000. I the company aliows thut
person 1o discharge the obligation by annual payments payable for life, with the firse
payment due now, what is the size of the annual payment?

TProof=Forwala {1941

Neoi _D:+ N
g= b= |
3 b, o,
ED.WU,»I'DH:' | ‘ut:"& (10.4)

n, D,

The above reseh may alvo be obtained hy @ method stmibar to thee wad ie obisining the ondinary whole life
wsnuity |Foemaia (19-2))
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NOTE:

The present vulue of the annuity A(due) is known
Aldue) = $50,000, x = 25, & = 7 (annual payment)
Substituting the values i Formula (19-5),

—p =gt M
Aldue) = Re, = R D,_R Das

Thus,

SO.M-R-A—:"

5.165,007.95
R = 50000 - 22 = 50009 . 216500

Nes 139,430,496 ~ 134676

The concepr of finding the annual peyments of a whole life annuity due is important
in finding the annual premiums payable for life for & life insurance policy. (See Sec-
tion 20.2B.)

*C, Deferred Whole Life Annuity

The first payment of a deferred whole life annuity begins after a period of more than one
vear has elapsed from the date of purchase, The penod of deferment may be expressed
in (W0 ways,

1. Tt is the period from the date of purchase to the dite of the first payment. The

payments thus form u whole life annuity due with the term beginning on the date of
the first payment,

2 Itisthe pcriodﬁomlhedm:ofpurchaselomcducdnlisomyenrprionnlhcdaw

of the first payment, The peyments thus foem an ondinary whole life annuity,

For convenience in this chapter, the period of deferment is expressed from the date:

of purchase to the date of the first payment (item 1 above), For example, if u person aged
60 buys a whole life anauity with the first puyment to be made at 63 years of age, the
period of deferment is considered to be five years, The annuity is a deferred whole life
annuity diee, with the term beginning at age 65,

A 60 61 62 83 64 65 66 %
ll : : + + : s L. i qib e sias e b e -—*—.
L Period of determent, 5 years —/\—— Whale lfe smnuity due )

Let & = the period of deferment in years

1K, = the pet singke peemium, or the present value, of & deferred anmuity of $1 per year
far life, with the fisst payment at the end of the deferment period, & years, fora
person pow aged ¥ years
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Then

4 ’\'lﬂ

= 1196

oA D,

Let  Aldefer) = the met mingle premum, o be preszat value, of 2 whole life sanuiry that will pay
R per year after & yeans

Thea
b Verk

Aldefer) =R - yd, =R - D {19-7}

EXAMPLE 7 | A pesson aged 25 wishes o purchase & whole Tife zanuity that will pay $3.000 2
year for life. The first payment is due at age 63. Find the net single premium of
1he annuity.

The persod of deferment & = 65 — 25 = 40 (yeary), x = 25, X = §3,000
Substituting the values in Formula (19-7),

Nn.q‘ N‘,c
defer,) = 3000 - —— = 3000 - —=
Al Do = Mw0- 7

15,077 832,60
= 3,000 ot $87
000" S s aores T nTITE8

EXAMPLES | A I4-year-old boy inherited $30,000, If he uses the money w0 purchase a whole
life snnuity witk the first payment due at age 25, whut will be the size of each
payment?

Aldefer.) = $50000, 2 = 14,k =25 — 14 = || (vears).
r=k=14+11=125RK="7per yem)

Proxfe-Formuda | 19.6)
The valie of ¢, is cbtained w Sollows
acchoc AALLL 'I' ;”' ann hesksa .'l'
| |
Agw....x x+k X4R41 xeke2 )
Daferred | !
L)
..... etk loensq e oo
Presént value . ~ =% J
Istagxl, .., kEx * Axon dxoa Vihale (ifs mnuity due of 1

Pure enclowment of &, payable in & years

Thae fellowing reault is obtained from the sbove diszrane
bot Novs  Nie

4.5,-.&.-.:...:'—)—-‘-——’-——‘ (19:6) [sec Foemubas (19-1) sadd (15-4})
b, Dy B

Note: Formula (196 may also be proved by using 3 method smmler © that weed in proviesg Foesals (1%-1)
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Substituting the values in Formula (19.7),

. Ny
30,000 = R D
Dy 6,905,108.16
= 50,000 - == = $0,000 + ——————— = §2.468.
R=000 Nas e 139,839,496.91 A

EXERCISE 19-4 REFERENCE: SECTION 19.48B ANDC

!

1B

*11.

*12,

Refer to Problem | of Exercise 19-3. What is the net single premium if the annu-
ity pays $3,000 annually starting at age 207

. Refer to Problem 2 of Exercise 19-3.1f the first payment is made on the purchase

date, what is the purchase price?

- Aperson aged 435 wishes to buy a whole life annuity that will pay $1.600 now and

the same amount at the end of each year thereafter for life, What is the net single
premium of the annuity?

. Find the net single premium of a whole life annuity of $2.000 per year for someone

aged 30, Assume that the first $2,000 s payable to the annuitant on the purchase date.

. What 1s the net single premium of a whole life annuity due of $3,000 per year for

a person aged 187

- What is the net single premium of a whole life annuity due of $4,000 per year for

a person aged 707

- I the pet single premium of a whole life annuity due is $20,000, what is the size

of the annual payment for & person now aged 307

- Refer 1o Problem 7. If the person is 22 years old now, what is the size of the

annual payment?

. A person, aged 55, purchases a life insurance policy. The net single premium

(purchase price} of the policy is $2.000. If the insurance company allows the
premium 1o be paid by equal annual payments for life, with the first payment due
now (on the purchase date), find the size of the annual payment.

. A person, who is the beneficiary of a $10.000 insurance policy, decides to use the

money 1o purchase o whole life annuity with the first payment due now. If the
person is 26 years old, what will be the size of each annual payment?

Find the net single premium of & whole Life annuity of $1,000 per vear for a
person now aged 36 if the first payment is 10 be made 10 years from now.

A person aged 42 wishes to buy a whole life annuity of $500 payable at the
beginning of cach year. The first payment is due at age 55. What is the net single
premium of the annuity?

. Refer to Problem 3. What is the net single premium of the annuity if the first

payment is 10 be made at age 507

. Refer to Problem 4. What is the net single premium of the annuity if the first

payment is {0 be made at age 387

- Refer to Problem 10, If the first payment is to be made at age 40, what will be the

size of each annual payment?

. A young man aged 20 has $15,000. If he wishes to use the money to buy a whole

life annuity with the first payment to be made at age 33, what is the size of cach
payment?
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19.5 TEMPORARY LIFE ANNUITIES

When the payments of a life annuity cease at the end of a certain number of years, even
though the annuitant is still living, the annuity is called u temporary life annuity. Like
whole life annuities, temporary life annuities may be classified as ordinary, due, and
deferred, depending upon the date of the first payment.

A. Ordinary Temporary Life Annuity (Immediate Temporary Life Annuity)

The first annual payment of an ordinary temporary life annuity is made ane year after
the date of purchase. Thus, if a person now aged x purchases an ordinary temporary life
annuity, the first annual payment will be made to him atx + 1 years of age.

Let = the number of puyments
G, ;| = the net single premium, or present value, ot age x of an ordinary temporary life annuity
of 31 payable cach year for n annual payments

Then
Newr = Nyinna
P e R o (19-8)"
D,
*Provyf—Formala ( 19-8);
The value of @, ) is obtained as folkws:
Number living | W ey les2 lesa Lan
Age ..... x x+1 x+2 x+3 x+n
4 + 4 IR —_—
Cost ,.... I 'x +1 % “2 ';«3 LWan
H,“,-‘-——I ’
v lx&?
Presont value vy o3
fatage x)-.) ...N %
n
VI —— e Vs meaeee .
The pet single premium (o each itant uf the g thme (age ¥) is:
vl vz b W+ o+,
alv-] =
A
Multiply both the and the d i by ve, and substituse commueation symbxals:
o Dt D3 4 Dy ¥ - Doy
a3 D.
Since Nt = Dye) * Dyaz v Dygy F - F Dygg + Dyggay + <+ + Dop. and
Nevwr) = Dysner + -0+ Degs

the difference between N, o and N, o« ¢ equals the oumerator in the fraction an the right side in the above equa-
tion. This, the equation may be written in the following simple manner;

D Np-ol

Ay -8
a, D, (19-8)
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Let Afrem.) = et singhe presniurm, or present value, of an ordinary temporary life asnusty that wall
pay R per year
Then
Altem,) = Ra, ;) = R - —2tL—_ sttt (19.9)
D,
EXAMPLE 1 | What is the net single premium of a five-year ondinary temporary life annuity of
52,000 per year for a person aged 20 if the first payment is to be made at age 217
x =200 = 5, R = 82,000
h'mu K 1'/;(.-_\;( Nw‘ . N}é
Altem.} = Ra 5] = 2,000« ——————— = 2000+
" Dy Dy
= 2000 - 161,928 780.9] ~ 13467443896
5.896,264.97
2125429195
-2 ———a
Lo SEvRaeegy | A6
B. Temporary Life Annuity Due

The first payment of a remporary life annuity due is made on the date of purchase. [f the
periodic payment is S, the present valve of the first payment is also $1. The remaining
payments form an ordinary temporury life annuity. Letn = the number of payments, The
number of the remaining payments is n — |, and the present value of the remaining pay-
ments of $1 each is a, ;7).

et d, 3= e net single premium, or the present value, 2t age ¢, of u temporary life ansuity
due of $1 payadle each year for v annual payments

Then
deg] =1+ au,o, o

\l
N, =1 x+n

D,

The net single premium of a temporary life asnuity due of B per year for # payments is:

#en) = (19-10)

&= Nx
Aftem. due) = Ri,.;) = R - N—B—ﬂ (19-11)

-"Pum{—-rurn;m' (1910

Moot = Nyvgo-sior _ D, + Koy = Nys
O u=lva =1+ D"'"': {'): S

Swmce 1), + Noyy = N, (see Section 1948),

e
o o=l pie 1910
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EXAMPLE 2

NOTE:

EXAMPLE 3

NOTE:

What is the net single premium for a six-year iemporary life anauity of $2.000 per
year for a person aged 20 if the first payment is due now?

x=20n=6R=$2000

Ny — N Nas = N
Alten. due) = 2,000 - 2040 — 9 g 2

n Oy

16782704588 ~ 134.674.458.96
589826497
20003,152,556.92)

=—= 41 44
5,808,264.97 Do

=7

-

The difference between the answers in Example 1 and Example 215 $2.000, which is
the value of the first payment on the date of purchase.

The purchase price (or the net single premium) of o hife insurance policy issued to
4 person aged 25 15 $3.396.49. That person will pay the premium by making equal
annual payments for 20 years or for life, whichever is the shorter of the two pen-
ods. If the first payment is due now (the purchase date), what is the size of the
annual payment?

Alwem. due) = $339%640. x =25, n=20.R="
Substituting the above values in Formula (19-11),

Ny = Nagem
3 49 =R —
3396 n

Dy
Ny = .l!

R = 339649 -

5.165,007,95

=1 '
nn 13983949691 ~ 58,927.805.08

= $216.82 (annuad payment)

The concept of finding the annual paymeats of a temporary life annuity dve is m-
portant in finding the annual premiums payable for a limited number of payments for
a life insurance policy. (See Example 3, Section 20.28.)

*C. Deferred Temporary Life Annuity

The first annual payment of a deferred temporary life annuiry is made after 2 pesiod of
k (myore than 1) years, or at age x + k of the nnuitant, if then sall living. The n annual
payments form a temporzry life annuity due.

Let |a, ;) = the net single premium, or the present value, at uge x, of a deferred temporary

life ammuity due of $1 per year for »n anaual payments with the first payment
attheend of k years, oeatage v + &



Chapter 5 Life
Annuities

Then

g et Naien (19-12)1

b,
The net single preméum of a deferred temporary life annuity of R per year is:
" pa N
Altem, defer.) = R "'—"-DA (19-13)
EXAMPLE 4 | Whatis the net single premium for an eight-year temporary life annuity of $1,000 per

year for 4 person aged 25 if the first payment is due at age 457
£=25k=45-25=20n = 8, R = S1,000

NVassm = Noseans Na = N
Mm.dcf“)-h(m.‘”_"“_‘&:;‘(m._ﬁ_“
Dys Dy

38,927 803.08 - 37,504,037.97

SR 5.165.007.95

=84,141.87

EXERCISE 13-5 REFERENCE: SECTION 18,5

I, What is the net single premium of n 10-year ordinary temporary life unnuity of
$5.000 per year for a person aged 30 if the first payment is to be made at age 317

2. Find the net single premium of an ordinary temporary life annuity of 15 payments
of $1.500 each for a person aged 45 if the first pavment is 1o be made ane year
after the purchase date,

3. How much would a person aged 40 have to pay for a 20-year ordinary lemporary
life annuity of $2,000 each year if the first payment s to be made at age 417

4. Whit is the net single premium of a five-year ordinary temporary life anouwity of
$1,200 per year for a person aged 24 if the first payment is to be made at age 257

5. A person aged 42 has S8,000. If the money is ased to buy u 10-year ordinary tem-
porary life annuity, what is the size of the anaual payment to that individual?

b. Aperson aged 20 owes a life insurunce company §1,500, The company allows the
debt to be paid by 18 equal annual payments or for life, whichever period s the
shorter, If the first payment is due at age 21, what s the size of the annual payment?

P rpof—Formula (1912

The value of (a3 may be obtaized by a method simidar 10 the proof for Ecemula (196}, in Section 194,
as follows:

s B Med = Novies _ Nosi = N y
nh:. A= a0 al D, Dons n, (19-12)
Note: Tbcvluda,-,;xiumwmkpuﬁmdnqulifeumny duz of $I paynble (o n
mlplymfmapmonmnpdxéA.mvuol.’ﬂ,nhcquuwdzpmssuuimugcndnu
pure sdowment of &, , 5] payable in & years. [See Formulas (19-1) and (19-10) ]
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7. Find the cost of an ordinary temporury life annuity of $1,000 per year for 15 pay-
ments for 3 persen aged 40 if the first payment is due now.

8. What is the net single premium of a 10-year crdinary temporary life annuity of
$3.000 per year for a person aged 35 if the first payment is made on the date of
purchasz”

9. Refer to Problem 1. What is the net single premium if the first puyment of the life
annuity is made at age 307

10, Refer to Problem 2. What is the net single premium if the first payment of the life
annuity 1s made at age 457
11. Refer to Problem 5. If that person buys a 10-year iemporary life annuity due, whit
is the size of the annual payment”
12. Refer to Probiem 6. 1f the first of the 18 annual payments is die at age 20, find the
size of the unnual payment.
*13. Find the net single premium for a 20-year temporary life annuity of $3500 per year
for a person aged 28 if the first payment is due ot age 40.
*14. What is the net single premium for a §5-year temporary life annuity of $2,000 per
year for & person now aged 32 if the first payment is to be made at age 507
*15. Refer 1o Problem 5. If a 10-year temporary life annaity is bought with the first
payment to be made (o the individual at age 50, what is the size of the annual
payment?
*16. Aperson aged 20 paid $1,500 10 buy a 12-year temporary life annuity with the first
payment to be made to him at age 36, What will be the size of cach annual payment?

186





