CHAPTER 19

Exponential Distributions

1 DEFINITION

The random variable X has an exponential (or negative exponential) distribu-
tion if it has a probability density function of form

(x

— 0)
s x>8;,0>0. (19.1)
o

px(x) =0a! exp[—
Figure 19.1 givesa graphical representation of thisfunction, with § > 0. This
is a specia case of the gamma distribution, the subject of Chapter 17. The
exponential distribution has a separate chapter because of its considerable
importance and widespread use in statistical procedures.

Very often it is reasonable to take 8 = 0. The special case of (19.1) so
obtained is called the one-parameter exponentia distribution. If ¢ = 0 and
o =1, the distribution is called the standard exponential distribution. The
pdf is

px(x) =exp(—-x), x>0. (19.2)

The mathematics associated with the exponential distribution is often of a
simple nature, and so it is possible to obtain explicit formulas in terms of
dementary functions, without troublesome quadratures. For this reason
models constructed from exponential variables are sometimes used as an
approximate representation of other models that are more appropriate for a
particular application.

2 GENESIS

There are many situations in which one would expect an exponential distribu-
tion to give a useful description of observed variation. One of the most widdy
quoted is that of eventsrecurring™at random in time." In particular, suppose
that the future lifetime of an individua has the same distribution, no matter
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Figure19.1 Exponential Density Function

how old it is at present. This can be written formaly (X representing
lifetime)

Pr[X <x, T xIX >x,] =Pr[X <x] foral x,>0, x> 0.

X must be a continuous positive random variable. If it has a probability
density function p,(x), then the conditional probability density function,
given that X isgreater than x,, is

px(x)

—_— > x> 0.
1 — Fy(xg) ¥t

Since the conditional distribution of the future lifetime (X — x,) isthe same
as the (unconditional) distribution of X, we have, say,

Px(xo)

1—-—FX_(‘x§ = px(0) = p,-

It follows that if Fy(xy) #= 1, p, > 0 and Fx(x) satisfy the differential
equation

dFy(x)
dx

=P0[1 - Fx(x)]’

whence 1 — Fx(x) ae~?o*. Introducing the condition lim, _, , Fyx(x) = 0, we
find that

1~ Fy(x) = e Po¥, (19.3)




496 EXPONENTIAL DISTRIBUTIONS

that is,
X
Fy(x) =1—¢e7?* =p0f e Po' dt.
0

This showsthallt the probability density function of X isof form (19.1) with
6=0,a=p; .

There are other situations in which exponential distributions appear to be
the most natural. Many of these do, however, have as an essentia feature the
random recurrence (often in time) of an event.

In applying the Monte Carlo method it is often required to transform
random variables from a standard rectangular distribution to exponential
random variables. An ingenious method was suggested at an early date by
von Neumann (1951). Let {X;; i =0,1,...} be a sequence of independent
random variables from the standard rectangular distribution, and define a
random variable N taking positiveinteger values through { X;} by the inequal-
ities

2 N-1 N
X, <Xy, LX <Xg..., XX <X, X >X,.
j=1 j=1 j=1

We "accept” the sequence {X;} if N is odd, otherwise we "regject” it and
repeat the process until N turns out odd. Let T be the number of sequences
rejected beforean odd N appears (7T =0,1,...) and X, be the value of the
first variable in the accepted sequence. Then Y = T + X,, is an exponential
random variable with the standard density ¢~

A rather more convenient method was suggested by Marsaglia(1961). Let
N be a nonnegative random integer with the geometric distribution [ Chapter
5, Section 2, equation (5.8)]

Pr[N =n] = (1 - e *)e ™, n=0,1,...,

and let M be a positive random integer with the zero-truncated Poisson
distribution [Chapter 4, Section 10, equation (4.73)]

-1 e—/\Am

PrfM=m]=(1-e%) —

s m=1,2,....

Findly let {X;; i = 1,2,...} be a sequence of independent random variables
each having a standard rectangular distribution (Chapter 26). Then

Y = A{N + min(X,,..., Xy)}

has the standard exponential distribution.
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Sibuya (1962) gave a statistical interpretation of the procedure, recom-
mended that the value of the parameter A be taken as 05 or log2, and
extended the technique to the chi-square distribution. Bankévi (1964) investi-
gated a similar technique. A table of 10,000 exponential random numbers is
given by Barnett (1965).

3 SOME REMARKSON HISTORY

Over the last 40 years the study of estimators based on samples from an
exponential population has been closdy associated with the study of order
statistics. Lloyd (1952) described a method for obtaining the best linear
unbiased estimators (BLUEs) of the parameters of a distribution, using order
statistics. Epstein and Sobel (1953) presented the maximum likelihood esti-
mator of the scale parameter a, of the one-parameter exponential distribu-
tion in the case of censoring from the right. Epstein and Sobel (1954)
extended the foregoing anaysis to the two-parameter exponential distribu-
tion. Sarhan (1954) employed the method derived by Lloyd to obtain the
BLUEs o a and 6 for the two-parameter exponential distribution in the
case of no censoring. Sarhan (1955) extended his results to censoring. Sarhan
noted that in the special case of the one-parameter exponentia distribution,
his results agreed with those of Epstein and Sobel, and therefore his
estimator of a was not only the best linear unbiased estimator but also the
maximum likelihood estimator of a. Epstein (1960) extended his own results
to estimators of a and ¢ for the one- and two-parameter exponential
distributions in the cases of censoring from the right and/or left. For the
two-parameter exponential distribution his maximum likelihood estimators
coincided with the BLUEs of Sarhan (1960), but for the one-parameter
exponential distribution there was agreement only in the case of censoring
from the right. Many other contributions by Epstein and Sobel are included
in the references.

In the light of the applicability of order statistics to the exponentia
distribution it became quite natural to attempt estimation of the parameter
by use d the sample quasi-ranges. Rider (1959) derived the probahility
density function and the cumulants of the quasi-range of the standardized
exponential distribution and Fukuta (1960) derived "best" linear estimators
of aand 8 by two sample quasi-ranges. The next step would quite reasonably
be that of determining the two order statistics that would supply the best
linear unbiased estimator of ¢ and 8 for the two-parameter distribution; this
was in fact done numerically by Sarhan, Greenberg, and Ogawa(1963). They
employed the method of Lloyd to obtain the best linear estimators of a and
6 based on the two-order statistics Xj,, and X, ,, and then compared
numerically the relative efficiencies of the estimators for various pairs
o values (1, m). Harter (1961), using a similar approach to that of Sarhan
and his coworkers, presented the best linear estimators of o for the one-
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parameter distribution based on one- and two-order statistics. Harter men-
tioned in this paper that he was not aware of any anaytical process by which
the optimum pair of order statistics X;., and X,,., can be determined.
Siddiqui (1963) presented an analytical method based on the Euler-Mac-
laurin formula for obtaining the optimum pair of BLUE order statistics.
Since 1963 a considerable number of additional, more refined, results have
been obtained. Some of these results are presented in Section 7.

4 MOMENTSAND GENERATING FUNCTIONS

The moment generating function of a random variable X with probability
density function (19.1) is

E[eX] = (1- o) 'e® (= (1-o1) 'if6=0). (19.4)

The characteristic function is(1 — iot)~ e,
The central moment generating function is

E[e/X~0-] = (1 — g1) " le7t".

The cumulant generating function is log E[e**] = t8 — log(1 — ot). Hence
the cumulants are

Ky=0+o (=E[X])
k,=(r—1lo", r> 1. (19.5)
Setting r = 2, 3, 4, we find that
Var(X) = p, = o2
py =20°
iy = 90",

Note that if 8 = 0 and o = 1, then E[X] = 1 = Var(X).
The first two moment ratios are

VBi =2, B,=9.

The mean deviation is

20 (x - 1)e™*dx = 2¢7o. (19.6)
1
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Note that

Mean deviation 2

= — = (0.736. 19.
Standard deviation e 0.736 (19.7)

The median of the distribution is9 + & log, 2 The mode of this distribution
isat the lowest value 8 of the range of variation.

The information generating function [(# — 1)-th frequency moment] is
ol~*y~1 Theentropy is1 * log o. The hazard rate (o™!) is constant. Thisis
an important property of exponential distributions.

5 APPLICATIONS

As has aready been mentioned in Section 1, the exponentia distribution is
applied in a very wide variety of statistical procedures. Currently among the
most prominent applications are in the field of life-testing. The lifetime (or
life characteristic, as it is often called) can be usefully represented by an
exponential random variable, with (usually) a relatively simple associated
theory. Sometimes the representation is not adequate; in such cases a
modification of the exponential distribution [often a Weibull distribution
(Chapter 21) is used].

Another application is producing usable approximate solutions to difficult
distributional problems. An ingenious application of the exponential distribu-
tion to approximate a sequential procedure is due to Ray (1957). He wished
to calculate the distribution of the smallest n for which ):;’=1U,~2 <K,, where
U,, U,,... areindependent unit normal variables and K, K,, ... are speci-
fied pogtive constants. By replacing this by the distribution of the smallest
even n, he obtained a problem in which the sums I?_,U;* are replaced by
sums of independent exponential variables (actually x2’s with two degrees of
freedom each).

Vardeman and Ray (1985) investigated the average sum lengths for
CUSUM schemes when observations are exponentially distributed. 'They
show that in this case the Page (1954) integral equation whose solution gives
average sum lengths for one-sided CUSUM schemes can be solved without
resorting to approximation. They provide tables of average run lengths for
the exponential case.

6 ORDER STATISTICS

Let X] < X; < -.. <X, betheorder statistics obtained from a sample of
size n from the standard exponentia distribution in (19.2). Then, the joint
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density of al n order statisticsis
Pxi,....x(¥15- -5 X)) =mle™F=%, 0<x; < o <x, <o (198)
By making the transformation
Y,=(n—-i+1)(X]-X/_,), i=1,2,...,n(with X3 =0), (19.9)
we obtain from (19.8) the joint density function of Y3,Y,,...,Y, tobe
Py, v (Vis-es ¥s) = e T 0<y,,...,y, <o (19.10)

That is, the ¥;’s (termed normalizedspacings) are independent and identically
distributed standard exponential random variables. This result is originaly
due to Sukhatme (1937). Also from (19.9),

Y,
n—j+1

4};{

} i=1,2,...,n. (19.11)

From (19.11) it is clear that the exponential order statisticsform an additive
Markov chain as shown originally by Rényi (1953).

The additive Markov chain representation in (19.11) makes it possible to
write down explicit expressionsfor the single and product moments of X;.
For example, we have

oy EN
E[X"]_Eln—j+1 j§1n—1+1

i=1,2,...,n, (19.12)
i Var(Y)) i 1
Var(X)) = ¥ ———5 =) ——,
j=1(n—1+1) j=1(n~j+1)
i=1,2,...,n, (19.13)

i Var(Y)) : 1
Con(X, ) = L = B
PN O R o ) (n—j+1)°
=Var(X]) forlri<kln. (19.14)

This specia structure of the variance-covariance matrix of exponential order
statistics makesit possible to derive the best linear unbiased estimators of the
parameters in an explicit form (see Section 7).

Interestingly the result that the normalized spacings Y;’s defined in (19.9)
are i.id. standard exponential random variables has been generalized by
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Viveros and Balakrishnan (1994) to the case of a Type II progressively
censored sample. To be precise, let m be the number of failures observed
before termination of alife test of » individualsand X; < X; < .- <X,
be the observed ordered life lengths. Let R; designate the number of units
removed at the time of the ith failure (Type II censoring),

i-1
O<R;<n— L (R+1)—-1, i=23,...m—-1,
j=1

with

0<R <n-1,

m—1
R,=n- Y (R;+1) -1
j=1

The resulting data are referred to as a Type II progressively censored sam-
ple [e.g., see Nelson (1982); Lawless (1982); Cohen and Whitten (1988);
Balakrishnan and Cohen (1991); Cohen (1991)]. Defining the ith normalized
spacing between X7, X3,..., X,, as

L

i—1
Y, = {n— Z(Rj+1)}(X,-’—X,-'_1), i=1,2,...,m, (with X} = 0),
j=1

(19.15)

Viveros and Balakrishnan (1994) have proved that Y;’s are i.i.d. exponential
random variables. Sukhatme's result, presented earlier, is a particular case of
this general result corresponding to R, =R, = ... = R,, = 0. In this gen-
eral case an additive Markov chain representation for X; similar to the one
in (19.11) is possible; it can then be used in writing down explicit expressions
for the means, variances, and covariances of X; that are similar to those in
(19.12)-(19.14). The specia structure of the variance-covariance matrix of
exponential order statistics observed earlier in (19.13)-(19.14) occurs in this
general case of Type II progressively censored sample and enables the best
linear unbiased estimators of the parameters to be derived in an explicit form
(as described in Section 7c).

Due to the close relationship between the geometric and the exponential
distributions, there also exists a close relationship between the dependence
structure of order statistics from the geometric distribution and those from
the exponential distribution. Steutel and Thiemann (1989) showed some of
these similarities. For example, by introducing a second subscript to denote
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sample size, (19.11) can be written as

i '
..
X 4 n—j+1s 19.16
iin ! (n i+ 1) jgl 1 j+1 ( )

where the X7.,_;,,’s are independent. Steutel and Thiemann (1989) estab-
lished the following parallel relationship for the geometric order statistics:

Ll
S\n—ji+1/|

where Z;,, denotes the ith order statistic from a random sample of size n
from a geometric (p) distribution, the ¥;’s are independent exponential (o)
random variables with o = 1/[—log(1 — p)], [Y] denotes the integer part of
Y, and (Y ) denotes the fractional part of Y. Further, all the random
variables on the right-hand side of (19.17) are independent.

Arnold and Villasefior (1989) and Arnold and Nagaraja (1991) discussed
the Lorenz order relationships among order statistics from exponential
samples. The Lorenz curve associated with X is

i

d
= E ZIl:n-—j+1 +

(19.17)

JoFx ' (¢) dt
= e ar

<1 (19.18)

(see Chapter 12, Section 1). Given two nonnegative random variables X and
Y (with finite positive mean), we say X exhibits less inequality (or variability)
than Y in the Lorenz sense, and write X <, Y, if Ly(u) > Ly(«) for al
u € [0,1]; if the inequality is an equality, we write X =, Y. If L,(x) and
L,(u) cross, X and Y are not comparable in the Lorenz sense. Arnold and
Nagaragja (1991) proved that for i < j,

Xl <y X., T (n—i+DEX/,] 0 (m-j+DE[X],]. (19.19)

As direct consequences of this result, they established for the exponential
order statistics that

L X tn+1 <LX’ n

2 X’+1 n+1 <L1Yil:n’

3 X/ 1.. < X, iff E[X].,]1 1, otherwise, X]., and X;,,., are not
Lorenz ordered.

These authors have also discussed the Lorenz ordering of linear functions of
exponential order statistics.
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By making use of the underlying differential equation of a standard
exponentia distribution, given by py(x) =1 - Fy(x), Joshi (1978, 1982)
derived the following recurrence relations:

m
E[x7] = —E[x"7], nz1, m=12..,  (1920)

E[x/h] =E[Xx/".,.,] + ’_:_E[Xi’:mn—l )

and

R AR A S

e

2<i<n, m=12,..., (19.20b)

1

E[ X}, X}\1.) = E[XE] + —E[X,],  1sisn—1, (1920)

n

and
’ ’ ’ ’ 1 !
E[Xi:nX;':n] =E[Xi:an—1:n] + mE[Xi:n]3
l<i<j<n, j—i>2 (19.20d)

These recurrence relations can be used in a simple recursive manner in order
to compute al the single and product moments (in particular, the means,
variances, and covariances) of al order statistics. Balakrishnan and Gupta
(1992) extended these results and derived relations that will enable one to
find the moments and cross-moments (of order up to 4) of order statistics.
They then used these results to determine the mean, variance, and the
coefficients of skewnessand kurtosisof a general linear function of exponen-
tial order statistics and approximate its distribution. Through this approach
Balakrishnan and Gupta (1992) justify a chi-square approximation for the
distribution of the best linear unbiased estimator of the mean lifetime based
on doubly Type II censored samples (see Section 7). Interestingly the
relations in (19.20a)-(19.20d), under certain conditions, can also be shown to
be characterizations of the exponential distribution [Lin (1988, 198911 (see
Section 8). Balakrishnan and Malik (1986) derived similar recurrence rela-
tions for the single and product moments of order statistics from a linear-
exponential distribution with increasing hazard rate. Sen and Bhattacharyya
(1994) have discussed inferential issues relating to this distribution.

By making use of the factsthat X = —log U has a standard exponential
distribution, when U has a uniform (0, 1) distribution (see Chapter 26), and
that —log U is a monotonic decreasing function of U, we have

)(i’:né —IOg[]r:—i+1:n’ I<i<n,
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and hence

u., \
V- )
(Lli+1,n

where Y;’s are the normalized exponential spacings defined in (19.9). Since
Y/’s areii.d. exponential, as seen earlier, it immediately follows from (19.21)
that

1% Ul,:n V. = U2 n 1% Ut:—lzn "t 1% U,n
_1 - U2’:n, 2 U3 n Tt Ur::n ’ no T

XD{—i(Xr’t—H»l:n _Xr’t—i:n)} g Ya- 'H (19 21)

(19.22)

arei.i.d. uniform (0, 1) random variables. This result was derived originaly by
Mamquist (1950) and is now used effectively to simulate order statisticsfrom
uniform distribution without resorting to any ordering.

Joshi (1978, 1982) also considered order statistics from a right-truncated
exponential population with density

1
~ —x

px(x)={p¢ > 0=sx¥=h (19.23)
0, otherwise,

where P, = —log(1 — P)and 1 - P (0 < P < 1) isthe proportion of trunca-
tion on the right of the standard exponentia distribution. By making use of
the underlying differential equation given by

pa() = [1 = Bl + ()

and proceeding along the lines used to prove relations (19.20a)-(19.20d),
Joshi (1978, 1982) established the following recurrence relations:

E[xim] = B[ X1

1-P
—( 2 )E[Xl,,1 n>2,m=12,...,

(19.24a)
E[X'm] = _E[ 1 n— 1] + _E[Xi':”:;_ll

1__
_( 5 )E[ Xh_y, 2<isn-1,m=12,...,

(19.24b)
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m 1 rm m m —
E[Xr,tn] = _I;E[Xn—lzn—l] + -n—E[Xn:n 1]
1—-Py
—(—P———)Pl’", n=2,m=12,..., (19.24c)
E[Xr’l——l:anII:n] =E[Xr’12—1:n] +E[Xr,l—1:n]

_n(l‘

1
E[Xil:nXi’+1:n] = E[Xx’zn] + nT|

P){PIE[X:;—lzn—l] - E[X,',Z_I;,,_I]},

n>2 (19.24d)

X{E[X,-’:,,] —n( ){E[X,-';,.—lenzn—l]

—E[x;?,,_l]}}, l<i<n-2, (19.24e)

E[Xi':n’Yj’:n] =E[Xi,:nXi’—1=n] + n—j+1

X{E[Xi':n] —"( ){E[X.-':,,_IX};,.-J

_E[Xi’:n—lle—l:n—ll}}’

1<i<jsn-1;j—-i>2, (19.24f)
and
E[Xt'an’ln] = E[Xi’:an’t—lzn] + E[X:n]

1-P
—n( P ){PIE[X;:n—I] _E[IYi’:n——IXrIn—lzn—I]}’

l<i<n-—2 (19.24g)

Saleh, Scott, and Junkins (1975) derived exact (but somewhat cumbersome)
explicit expressions for the first two single moments and the product
moments of order statistics in this right-truncated exponential case.
Balakrishnan and Gupta (1992) extended the results of Joshi and established
recurrence relations that will enable one to find the moments and cross-
moments (of order up to four) of order statistics.
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By considering the doubly truncated exponential distribution with density

1
_______..e—x,
px(x) ={ P-Q
0, otherwise,

<sx <P,
Qi sx<h (19.25)

where Q and 1 - P (0 < Q <P < 1) are the proportiops of truncation on
the left and right of the standard exponential distributior, respectively, and

, = —log(1 - Q) and P, = —log(1 — P), Joshi (1979) and Balakrishnan
and Joshi (1984) derived several recurrence relations satisfied by the single
and the product moments of order statistics. Khan, Y aqub, and Parvez (1983)
tabulated these quantities for some value of P, Q, and n. Distributions of
some systematic statistics like the sample range and quasi-range were derived

in this case by Joshi and Balakrishnan (1984).

7 ESTIMATION

Before 1959 a considerable amount of work had been done on inference
procedures for the exponential distribution with both censored and uncen-
sored data. (See numerous references at the end of this chapter.) It was
realized, in the 1960s and 1970s, that although the exponential distribution
can be handled rather easily, the consequent analysis is often poorly robust
[e.g., see Zelen and Dannemiller (1961)]. Nevertheless, the study of proper-
ties of this distribution, and especially construction of estimation and testing
procedures has continued steadily, during the last 30 years, with some
emphasis on Bayesian anadysis and order statistics methodology, and an
explosion of results on characterizations. To keep this chapter within reason-
able bounds, it was necessary to be very selective in our citations and
descriptions of results. We first discussclassical estimators.

7.1 Classical Estimation

If X, X,,...,X, areindependent random variables each having the proba-
bility density function (19.1), then the maximum likelihood estimators of 8
and aare

§ = min( X, X,,..., X,),
(19.26)

If 8is knovyn, the maximum likelihood estimator of a is (X — 6). Even with
a known, 8 aboveis till the maximum likelihood estimator of 8.
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The probability density function of g is
n n(t— @)
pi(t) = (;)eXp = >4 (19.27)

whichisof the same form as(19.1) but with o replaced by o/n. The variance
of 4 istherefore o2/n?, and its expected valueis 8 + o /n. It isinteresting to
note that the variance is proportional to n=2 and not to n=".

The expected value of ¢ [= X — 0] is o(1 — n~Y), and itsvariance is

o’[n~'+n"2-2n"3).

The expected value of (X — 6) is o and its variance is o211,

A function of special interest in some applications is the value of the
probability that X exceeds avalue x,; the rdiabilityfunction R(x,). If 8 =0
so that (19.1) becomes

x
px(x) =o-“lexp(-—-a_—), x>0,0>0, (19.28)

then

R(xy) = e *0/7 (19.29)

Inserting the maximum likelihood estimator, ¢ = n~'X7_, X, in place of o,

would give the estimator exp(—x,n/L?_, X,). Thisisthe maximum likelihood

estimator of the reliability R(xg). It is biased, but a minimum variance

unbiased estimator can be obtained by using the Blackwell-Rao theorem.
The statistic

1 if Xy > x,,
0 if X, <x,,

is an unbiased estimator of exp(—x,/o). Since L7_, X; is a complete suffi-
cient statistic for o [and so also for exp(—x,/0)}, the required minimum
variance unbiased estimator is

E|T

)> X.-] -

n
ZX,] = Pr[X1 > x,
i=1

The ratio X,/¥X?_,X; has a beta distribution with parameters 1, n — 1, and
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isindependent of X7_,X; (Chapter 17, Section 6). Hence

n 1 n—
E{T ing,-] =(n- 1)])‘0/2?_1&(1 —-2)"?dz

x n-1 n
(1 - Zn OX ) ’ xO < ZX;
- i=1%i i=1 (1930)

n

0, X2 LX

i=1

which is the required minimum variance unbiased estimator. This formula
was obtained by Pugh (1963). (Pugh claims this is the ""best" estimator but
does not compare its mean square error with that of competing estimators.)
The sampling distribution of the maximum likelihood estimator of parameter
o in{(19.28), based on a'*time-censored"* sample, was derived by Bartholomew
(1963). )

Moment estimators (6, &) of (6, ¢) can be obtained by equating sample
and population values of the mean and variance. They are

=X -¢ (19.31a)
¢ = sample standard deviation. (19.31b)
Cohen and Helm (1973) discuss modified moment estimators obtained by

replacing (19.31b) by an equation that puts the first-order statistic X; equal
to its expected value. This gives

§* + n~'¢* = X!, (19.31¢)
which leads to
Pt )?, (19.31d)
n-—1
and
g* = f—%—:—;ﬁ)— (19.31e)

They show that these are minimum variance unbiased estimators (and
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afortiori BLUES). Also

<

~ g
*) = — 19.32
Var(6*) wn 1) ( a)
F*) = 19.32b
Var(™) ST ( )
Cov(f* %) = — T (19.32¢)
v( ’0)—n(n—1)’ '

so that Corr(*, 6*) = 1/yn. Further, since &* is distributed as
3(n = D" %%, 1, 2a100(1 — )% confidenceinterval for ¢ is(in the obvious
notation)

2(n - 1) i 2(n-1) o
g g .

2 ’ 2
X2an_1)1-¢ Xon-1),%

(19.33)

72 Grouped Data

In a monograph Kulldorff (1961) discussed a general theory of estimation
based on grouped or partialy grouped samples. By grouped we mean that in
digoint intervals of the distribution range, only the numbers of observed
values that have fallen in the intervals are available, and not the individual
sample values. The distribution of the observed numbers is a multinomial
distribution with probabilities that are functions of the parameter. If individ-
ual observations are available in some intervals, the sample is partially
grouped.

Kulldorff devoted a large part of his book to the estimation of the
exponential distribution because of its smplicity. The cases studied included
completely or partially grouped data, 8 unknown, a unknown, both 8 and ¢
unknown, a finite number of intervals, an infinite number of intervals,
intervalsof equal length, and intervals of unequa length. Here we describe
only the maximum likelihood estimator of a when 8 is known, the intervals
are not o equal length, and the number of intervals isfinite.

Let0=x,<x, < -+ <X,y <bethedividingpointsand Ny,..., Ny,
(X% ,N, = n) the numbers of observed values in the respective intervals.
Then the maximum likelihood estimator & isthe unique solution of

k—1 N(x. — X;_ k
Y Ml — i) Y Nx,_; =0 (19.34)
o~ e(ximxi-/6 _ 1 ; L

i=1 i=2
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which existsif and only if Ny < n and N, < n. For large n,

k=1 (x,—x,_,)° )—1. (19.35)

nVar(¢~!) = ( )» /T _ gXia/v

i=1

For a given k, the dividing points that minimize the asymptotic variance
are

X k-1
— =3 &, (19.36)
O ki
where
5, = g_l(z)v i = 8_1{2 +6,_, — 8(5.'—1)}7
g(x) =x(1 —e)"".
For example,
k=2 =L =1.5936;
o
1 2
k=3, — =1.0176, — = 2.6112.
ag a

The simplicity of mathematical anaysis for the exponential distribution
permits us to construct convenient Bayesian estimators of parameters of
(19.1). Some initial results in this area (for censored samples) are presented
in Varde (1969), who also compared their performance with more natural (at
least in this case) and efficient maximum likelihood and minimum variance
unbiased estimators.

7.3 Estimators Using Selected Quantiles

In life-test analysisit is often supported that lifetime can be represented by a
random variable with probability density function

x
px(x) =a-'lexp(——), x>0,0>0. (19.28)
o

If anumber » of items are observed with lifetimes commencing simultane-
oudly, then, as each life concludes, observations of lifetime become available
sequentially, starting with the shortest lifetime X of the » items, followed by
the 2nd, 3rd.. . shortest lifetimes X}, X3, ..., respectively. Clearly it will be
advantageous if useful inferences can be made at a relatively early stage,
without waiting for completion of the longer lifetimes. This means that
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inference must be based on observed values of the k, say, shortest lifetimes,
or in more general terms, the first k-order statistics (see Section 6). On
account of the practical importance of these analyses, statistical techniques
have been worked out in considerable detail. Here we will describe only
methods of estimation, but a considerable range of test procedures is aso
available.

From (19.8) we find that if

V,=X;-X;, V;=X;-X5,....V, =X, - X,_,,
then

1 X, V,,V;,..., V, are mutualy independent,

2. the distribution of X; isexponential (19.1) with 8 =0, o = n~},

3. thedistribution of ¥; is exponential (19.1) with § = 0,
o=(m-j+1)j=2..n

Snce X, =X;t v, + .-tV (j = 2), it follows that al linear functions of
the order statistics can be expressed as linear functions of the independent
random variables X1, V5,...,V,. This form of representation [suggested by
Sukhatme (1937) and Rényi (1953); see also Epstein and Sobel (1954) for a
similar result] isvery helpful in solving distribution problems associated with
methods described in the remainder of this section. A similar kind of
representation can be applied to gamma distributions, though the results are
not so simple.

It is necessary to distinguish between censoring (often refered as Type I/
censoring), in which the order statistics that will be used (e.g., the r smallest
values) are decided in advance, and truncation (or Type I censoring) in which
the range of values that will be used (e.g., al observations less than 7,) is
decided in advance (regardiess of how many observations fall within the
specific limits). Truncation (or Type | censoring) by omission of all observa-
tionsless than a fixed value T,, (> 0) has the effect that observed values may
be represented by a random variable with probability density function

x—T .
"], x>Ty),o>0, (19.37)

o ! exp[ -

g
which is again of form (19.1) [with T, (known) replacing 8], and so presents
no special difficulties. However, if (as is more commonly the case) truncation
is by omission of all values greater than 7,, (> 0), then the corresponding
probability density function is

To\17° x
Dx(x) = 1—exp(———) a“exp(——), 0<x<Ty,0o>0.
ag a

(19.38/
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If m observations are obtained, they can be represented by independent

random variables X;, X,,..., X,,, each with distribution (19.38). The maxi-
mum likelihood equation for an estimator ¢, of a is

exp(g—b—) ~ 1] . (19.39)

This equation may be solved by an iterative process. In thiswork the table of
Barton, David, and Merrington (1963) is useful.

Wright, Engelhardt, and Bain (1978) and Piegorsch (1987) studied infer-
ence on # and a for distribution (19.1) under Type | censoring. Wright,
Engelhardt, and Bain (1978) presented procedures based on the conditional
distribution of "failure" times, given the number D of failures occurring
before the censoring time 7. They distinguished between testing with and
without replacement. In the first case X; and D are sufficient statistics, and
in thesecond D and § = £, X] are sufficient.

Assuming testing without replacement, they utilized the facts that given
D = d, the conditional distribution of [(X — X})/(X — )} is uniform on
(0,1), and that for fixed 8, D issufficient and complete for a, while for fixed
o, X| issufficient and complete for 8.

Assuming testing without replacement leads to a rather complicated
conditional density for Xi, given D and S However, Wright, Engelhardt, and
Bain (1978) provide a table of exact percentage points of X; for small and
moderate D and an approximation for large D. [In the case where 8 = 0,
Bartholomew (1963) developed confidence intervals based on the maximum
likelihood estimator

P X +(n-D)yr Tp.,
§ = = 19.40

where r is the termination time, (provided that D > 0)].

Piegorsch (1987) uses somewhat simpler methods, based on the approxi-
mate distribution of the likelihood ratio (LR) test statistic and some other
approximations reviewed in Lawless (1982, Sec. 35.2). He discusses small
sample performance of these procedures, based on Monte Carlo evaluation.
He introduces the sets

A = (i:min(t;,7) = ¢t;,1 =1,...,n}
and

T = {i: min(t;,,7) =7,i=1,...,n}
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and proposes estimators

6 =X (19.41a)
and

¢ = [3a(X; - 6) + Srmax(r - 6,0)], D>0, (19.41b)

and observed lifetimes ¢; and fixed censoring time at 7.
The LR statistic for testing o = oy is

2D{éo5" — log(do3') — 1}. (19.42)

The asymptoticdistribution of this statistic is y? with one degree of freedom
if 8 =8, To construct approximate 10(1 — «)% confidence limits for 8,
Piegorsch (1987) suggests solving the equations

Go~' ~ log(éo~!) =1+ x2,_,2D)"".

This eguation aways has two solutions, one for /¢ < 1 and the other for
/0o > 1. These solutions L, and U, are then used to construct an asymp-
totic 100(1 — )% confidence interval on a of the form

G

I

a

(19.43)

G
— <0<
U,

A similar approach yields asymptotic 100(1 — a)% confidence limitsfor 8.
For smaller sample sizes (n < 10), the conditiona inference on o given by
Wright, Engelhardt, and Bain (1978) may be preferred. However, Piegorsch's
method for 8 performs well even for n = 5 with an F-based approximation
providing errors closer to nominal than the LR-based values particularly at
a = 005

Joint regions for (o, 8) can be constructed using Bonferroni's approach,
with a rectangular region corresponding to the cross-product of univariate
1- 3 confidence intervals on 8 and o (the elliptic procedure using the
asymptotic normality of the MLEs breaks down, yielding a hyperbolic rather
than an elliptic region). Ranking and subset selection procedures for expo-
nential population with Type | (and Type II) censored data are discussed in
Berger and Kim (1985).

We will now restrict ourselves to Type II censored samples only. We will
give details only for the case where 8 = 0 [s0 that the probability density
.. function is as in (19.28)] and where censoring results in omission of the

. lagest n — k values (i.e., observation of the k smallest values, where k is
. gpecified prior to obtaining the observations). The joint probability density
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function of the k (> 1) smallest observations in a random sample of size n is

b

n! ( Tl + (n —k+ Dx,

pXi ..... X,'((xl""’xk) = (n _ k)'O'k €xp o

0<x; <x,< -+ <x;,. (1944

The maximum likelihood estimator of ¢ is
k-1
Y,;=k"{ ZX;+(n—k+1)X,;} =k7I'T,.,. (19.45)
j=1

This statistic is distributed as (3o/k) x (x* with 2k degrees of freedom).
The expected value of Y} istherefore o, and itsvariance is o2 /k. The limits

2k} 2KY]
and X%k ,ia

2
X2k, 1-1a

define a confidence interval for o with confidence coefficient 100(1 — «)%.

A wide variety of estimators of o and 8 based on order statistics is
available. Many references at the end of this chapter contain discussions of
such estimators. Among the problems discussed are estimation

1 by linear functions of a limited number (usualy not more than about
five) of order statistics—this includes both the choice of coefficientsin
the linear function, and of the order statistics to be used;

2 when only the k largest values are observed;

3 when predetermined numbers of both the smallest and largest values
are omitted;

4. conversdly, when only these values are known—that is, the middle
group of observations is omitted.

In al cases formulas have been obtained appropriate to estimation of o,
knowing 8; of 6, knowing o; and of both # and o, neither being known. We
now discusssome of the more useful of these formulas.

The variance-covariance matrix of the order statistics X; < X; < .. <
X, has elements

r
Var(X)) =02 Y (n-j+ 1)7?=Cov(X/, X!), r<s. (19.46)
j=1
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Also

E[X]] =0+ai(n—j+ H~h (19.47)
i=1

From these relationships it is straightforward to construct best linear unbi-
ased estimators based on k-selected order statistics X, , X, ,..., X, with

n,<n,< -+ <n,.
It will be convenient to use the notation

n;,—1

Wi = 2 (n=0)"", (19.48)

j=n;_y

with ng = 0, and wyo/Wag, W) 4 41/W2, 1 +1 €aCh defined to be zero.
If 6 isknown, the best linear unbiased estimator of a is

o= [ (2 - 2o - 2uo] [ £ 2E) a0

Wy; Wi i+l W i=1 Wai

Thevariance of 6 is o (Z¥_ wiw3;') 1. Some special cases are

1. n, =i, k = n (complete sample):
n
F=n"1'Y X,
i=1
0.2
Var(g) = —

n .

2.n,=r,ti, k=n—r, —r, (censoring r, smallest and r, largest
values):

- 1)“(X,
Tl (n —i+ 1)

o= _0)_(’1"’1)X;1+1

ri+k

t(n—r—k)X ,+ X X/| (19.50)

i=ri+1
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(1963)]. Epstein (1962) has noted that the efficiency of the unbiased

estimator based on X’ — 8 is never less than 96% if r/n < 3, or 90%
if r/n < 2.

k = 2 (estimation from two order statistics X, , X, ). The variance of
& isaminimumwhen n, isthe nearest integer t00.6386(n * 1) and n,
is the nearest integer to 0.9266(n + 1) [Siddiqui (1963)].

For small samples Sarhan and Greenberg (1958) give the following optimal
choices.

SampleSize(n) | 2-4  5-7

n,
n,

8-11 12-15 16-18 19-21
n-1n-2n-3 n—-4 n-6 n-—7
n n n n n—-1 n—-1

If g is not known, the optimal choices are different. Sarhan and Greenberg
(1958) give the following optimal choicesfor n, and n, (with k = 2):

SampleSize(n) | 2-6 7-10 11-15
ny
n,

16-20 21
1 1 1 1 1
n n-—1 n—2 n-3 n-—4

The best (in fact only) linear unbiased estimator of a, usingonly X, and
X,, is

[n,—-1 -1
o]

j=n

(19.53)

and its varianceis

2~ Z —7 -7
-1 '/@7 (n—11 "(% (I

The optimal value of n, is always 1, whatever the values of n and n,.
Kulldorff (1962) considered the

il I¢ problem of choosing NNy, i, to
minimize Var(G) or Var(8) for k fixed, He tabulated the optimal n’s and
coefficients for small values of k and N. Barher, Sathan and Greenberg
(195%) treated the asymptoticQarge n) case (for 8 known) giving the optimal
percentiles n,/n,n,/n,...,n,/n, for k fixed. These tables are reproduced
by Ogawa (1962). Saleh and Ali (1966) and Saleh (1966) proved the unique-
nessd the optimal selection and extended the results to censored cases.
The table of Zabransky, Sibuya, and Saleh (1966) is most exhaustive and
covers uncensored and censored samples, finite and asymptotic cases for a

wide range. Sihuya (1969) gave the algorithmsfor computing their tables, and
unified previous results in simpler form.
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(1963)]. Epstein (1962) has noted that the efficiency of the unbiased
estimator based on X! — ¢ isnever lessthan 96% if r/n < §, or 90%
if r’In < 2.

5 k=2 (estlmatlon from two order statistics X, , X, ). The variance of
¢ isaminimumwhen n, isthe nearest integer toO6386(n z)and n,
is the nearest integer to 0.9266(n + 1) [Siddiqui (1963)].

For small samples Sarhan and Greenberg (1958) give the following optimal
choices.

SampIeSize(n)| 2-4 5-7 8-11 12-15 16-18 19-21

n-1 n—-2 n-3 n-4 n-6 n-—17
n n n n n—1 n-1

ny
n,

If 8 is not known, the optimal choices are different. Sarhan and Greenberg
(1958) give the following optimal choices for n, and n, (with k = 2):
Sample Size(n) | 2-6 7-10 11-15  16-20 21

1 1 1 1 1
n n-—1 n—2 n—3 n—4

ny
n,

The best (in fact only) linear unbiased estimator of a, usingonly X;, and
X,, is

[n,—1 -1
(X, - X)| X (n —f)“} (19.53)
| /=M
and its varianceis
ny,—1 1 n,—1 -2
[ X (n —f)"ZJ[ X (n —j)"} o?. (19.54)
j=n, j=ng

The optimal value of n, is aways 1, whatever the valuesof n and n,.

Kulldorff (1962) considered the problem of choosing n,, n,,. £ M to
minimize Var(¢) or Var(§) for k fixed. He tabulated the opti maI n;’s and
coefficients for small values o k and n. Earlier, Sarhan and Greenberg
(1958) treated the asymptotic (large n) case (for 8 known) giving the optimal
percentiles n,/n,n,/n,...,n,/n, for k fixed. These tables are reproduced
by Ogawa (1962). Saleh and Ali (1966) and Saleh (1966) proved the unique-
ness of the optimal selection and extended the results to censored cases.

The table of Zabransky, Sibuya, and Saleh (1966) is most exhaustive and
covers uncensored and censored samples, finite and asymptotic cases for a
wide range. Sibuya(1969) gave the algorithmsfor computing their tables, and
unified previous resultsin simpler form.
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Epstein (1962) gave a number of useful results. He pointed out that
X' — ¢ is approximately distributed as 3(o/r) X (x> with 2r degrees of
freedom). Approximate confidenceintervalsfor ¢ can be constructed on this
basis. Epstein also gave formulasfor the minimum variance unbiased estima-
tors of 9 and o for the two-parameter distribution (19.1), based on
X, X},..., X;. These are

ot = (k= 1) F (n = )(Xes - X)), (19.552)
j=1

0* = X, — n~'o*; (19.55b)

o* isdistributed as Jo(k — 17! X [x? with 2(k — 1) degrees of freedoml.
100(1 - a)% confidence limits for o are

2(k - 1)o* 2(k = D)o*

2 and _
X2k-1),1-3% X2k-1),%

100(1 — a)% confidence limitsfor 8 are
X{ = Fy yp-1,1-o0"n"" and  X] (19.56)
(using the notation of Chapter 27, Section 1).

If only Xi +1,..., X,_s, are to be used, the minimum variance unbiased
estimators are

n—k;—1

o*=(n-k;—k,—1)7" ¥ (n—j+1)(X},, —X]), (19.57a)
j=k,+1
ky
0* =X, —o* L (n—i)"" (19.57b)
j=0

o* isdistributed as to(n — k, — ky — D7 X [x* with2(n — ky -k, = 1)
degrees of freedoml and

2

k, { *

Var(0*) =}l L (n—j) >+ (n—k, —k} — 1)‘1i Y (n —j)"} J
j=0 j=0

(19.58)

The minimum variance unbiased estimator (MVUE) of the reliability func-
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tion based on Xj,..., X; is

R(t) = (1 Ty, (19.59)

0 R

[Ty,, isdefined in (19.45)).
The mean square error of R(t) is

MSE(R(1)) = j:(l - 2)2r_2y(u;r) du

where

y(u;r) = e -,

Q1=

[Basu (1964)]. Based on past data, one may have a prior (guessed) value dof a,
a, sy, that can be utilized for statistical inference. The so-called shrinkage
estimatorsarisingin thissituation perform better than the MV UE if thevalue
o, iscloseto a. A preliminary test can be conducted to check the closeness
of g, to a. Chiou (1987) proposes incorporating a preliminary test on a,
using an estimator of type

t if Hy: o = oy is not rejected,
Rpp(t) = |exp| — o (19.60)

A 0
R(t) otherwise.
Since 27,.,,/o has a x? distribution with 2k degrees of freedom, H, is not
rejected if
2Tk:n

C <
4

2

where C, (C,) are the § lower (upper) percentage points of xZ,. Thus

t 2T,.,,
" expj — — ifC, < — < C,,
Rpr(t) = % ) (19.61)

R(t) otherwise.
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Chiou (1987) provides optimal critical values for the preliminary test and
their corresponding leve of significance, based on the minimax regret crite-

rion.
Alternatively, Chiou (1992) proposes the ** shrinkage estimator"

2Tk:n

<(;
0y (19.62)

. . )
A1) wexp(——)+(1—w)R(t) ifC, <

2 t) = 0'0
R(t) otherwise,

where w is a shrinkage coefficient suitably specified. Chiou provides a table
of optimum values of shrinkage coefficient w for t/a, = 0.25(0.25)2.0 and
k = 4(2)10 as well ascritica values C; and C, for the preliminary test.

Zacks and Even (1966) compared the performance of MVUE and the
maximum likelihood estimator in terms of mean square error for smal
samples. The MLE is more efficient than MVUE over the interval 05 <
t/o < 35. Over the "effective intervals where o,/c is in the vicinity of 1
[(0.7, 1.4) for r = 4 and t/o, = 2 as an example], Chiou's (1992) shrinkage
estimators are more efficient, but none of the estimators for R(¢) investigated
so far is uniformly better than othersover the whole possible range of o/0,.”

Cohen and Whitten (1988) discuss estimation of parametersin the case of
progressively censored samples. Censoring is progressively carried out in k
stages at times 7, <7, < .-, <7; < +.. <7 Al jth stage of censoring,
C; sample specimens, selected randomly from the survivors at time 7;, are
removed. In addition we have n full-term observations and our sample
consists of (X, X,,..., X,) plus k partial term observations {C;7;} (j =
1,...,k). Thus N=n T r, where r = ):’ij (C; = 1 corresponds to censor-
ing and C; =0 to noncensoring), and the sum total (ST) term of al N
observationsin the sample is

The modified maximum likelihood estimators (MMLEs) of o and 8 in the
case of progressive censoring, obtained by solving

dnl o and E[x]=1x;
do
are given by
_ ST-Né§
o= ———
n
_ ST - NX|
= ——. (19.63a)

n-—1
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Explicitly

ST ~ NX|
T Ta-1
nX; — N7IST

n—1

S

I

6= (19.63b)
(For the uncensored case C; =0, n =N, and ST = nX) |

Estimation of parameters from genera location-scale families (of which
the two-parameter exponential distribution is a member) under progressive
censored sampling was studied by Viveros and Balakrishnan (1994). They
follow the classical arguments for conditional inference for location and scale
parameters as expounded, for example, in Lawless(1982).

A modified hybrid censoring model was investigated by Zacks (1986). Let
7, be the fixed time at which the (Type I) censoring occurs. Let X;., denote
the kth-order statistic of a sample of n ii.d. random variables from the
one-parameter exponential distribution (19.28).

Let X = min(X},,, o). The recorded random variable is the time-
censored kth-order statistic. Let XJ,..., X}, denote m iid. random
variables distributed as X*. Zacks(1986) shows the existence and uniqueness
of aMLE of o based on the sample X§ ,, = (X}, ..., X))

He also investigatesthe properties of the moment estimator (ME) that is
the root of the equation in &

k-1 1 _ m
oY ——[1-B(j;ne /)| =XF=m~' ¥ X%, (19.64)
j=0n1 —J j=1

where B(j; n; p) is the cdf of the binomial distribution with parameters
(n, p).

Numerical comparisons show that in the case of MLE " censoring has a
dramatic effect on the possibility of estimating o efficiently. The efficiency of
the MLE drops to ailmost zero when ¢ isin the neighborhood of +,.” The
asymptatic relative efficiency of ME relativeto MLE isan increasing function
o 75/0 = q. When n =1, the ARE of the ME is about 62%, whereas at
n = 3it is 99%. On the other hand, under censoring, the MLE is consider-
ably more efficient than the ME when n iscloseto 1L

7.4 Egimation of Quantiles

Raobertson (1977), in an important paper, devel opsestimation procedures for
quantilesof the exponential distribution (19.28) such that mean square errors
in the predicted distribution function is minimized. For complete random
samplesdf size n, a particular quantile, represented as Ko, has estimators of
the form K*X. The optimal estimator of Ko (with squared error oss) isin
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fact K, X, where

_ [exe{K/(n+ 1)} -1
Ko-n[2~exp{K/(n+ 1)}]. (19.65)
Its mean square error is
K n+1
-2K _ K|y _
e e [2 exp{n n 1} (19.66)

For alinear estimator ¥7_,a;X;, the mean square error is
fw e fw{e—K - ezaixi}ze_zxidxl dx, -+ dx,
0 0
r -1 ° -1
=e X -2 KM (1+a,) + O(1+2a) (19.67)
i=1 i=1

where ¢ = 1 for convenience, yielding minimizing values

_ |exp{K/(n + 1)} - 1]
%= exp{K(n T 1)}

for all i (19.68)

For n < (K/log2) — 1, this estimator will break down, and the optimum
choice will be K, = . [Indeed one cannot reasonably expect to estimate the
99% point (K = 4.605) using a sample of size5[(< (K/log 2) — 1).] Compar-
isonof K, X with KX (the natural K)and K, X [chosen to make exp(—K, X)
an unbiased estimator of exp(—Ko)] has been carried out by Robertson
(1977). For small n or large K (extreme percentiles) there are considerable
differences among the three estimators.

To estimate Ko by meansof a single order statistic the estimator isdf the
form K,X;, where the optimal choicefor large n turnsout to be r = an with
a = 0.79681213 (the positive root of equation e=2* =1 - &) and

K 3K2-2(1-a)K

= — + + ~2). 19.69
22 T et s T O (19.69)

K,

For large n, K;X; has efficiency approximately 65% [+ 4a(l - a)%] rela-
tive to K, X, the optimal estimator based on the complete sample.

7.5 Bayesan Estimation

One-Parameter Exponential Distributions
In Bayesian estimation prior distributions are often assigned to the hazard
rate (A = o~!) rather than to the expected value (o). We therefore use the
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pdf
Px(xIA) =Ae ™™ (x> 0;1>0). (19.28)"
If the prior on A is uniform over (0, M), then the posterior density ofa,
given a random sample X,, X,,..., X, iS

A" exp( —ALXT_, X))

R 0<A<M. 19.70
JEA exp( —ALr_ X;) dA ( )

For large M this s approximately a gamma(n + 1, {x7_,x;}~1) distribution
with pdf

(Z7,X)" "' L

T(n + 1) exp( AEIX,.). (19.71)

If this posterior pdf is used as a new prior, and a random sample
Y,,Y,,...,Y,, obtained, the new posterior is of the same form as(19.71), with
n increased to (n + m) and Xf.,X; increased by L7 ,Y;. Thus the gamma
prior is a ' natural conjugate™ prior for A [see Barlow and Proschan (1979)).

Waler et d. (1977) develop an interesting and potentially fruitful ap-
proach to determination of the parameters of a gamma (a, g8) prior on A in
the pdf (19.28)", based on values of

Pr(A <A =p  i=124, <A,

decided upon by a researcher. Extensive tables and graphs are provided
givingvaluesof a and g8 for selected values A, and p, for which

Pr[A <A] =p,. (19.72)

By overlapping transparencies of graphs for (A,, p,) and (A, p,), appro-
priate valuesof a and B can be determined. If (19.72) is satisfied then A,/B
is constant for given a. For small values of a, Waller et al. (1977) recom-
mended the approximation A ~ Bp'/e.

For situations where only the first k "failures” are observed, with k
specified in advance (Type II censoring), the MLE of A is

A= kT, (19.73)

with T, = ¥, X! T (n — k)X}. With a gamma (a,b~") prior on A we
arive at a posterior gamma (a t &,(b + T,)™ 1) distribution of A. Similar
results are obtained for truncated sampling (Type | censoring), and also for
inverse binomia sampling (when afailed or truncated unit is replaced).
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If A=! (= o) isascribed a " uniform" distribution, the posterior distribu-
tion for & would have pdf

(T, X)) (%)nexp(—

T(n - 1) ZX-), >0,  (19.74)

1
- i
T =1

which is called the inverted gamma distribution.

Since an inverted gamma prior on ¢ aso results in an inverted gamma
posterior distribution for ¢, it isa natural conjugate in this situation. Thisis
not surprising since, if A has a gamma distribution, o (= A~!) has an
inverted gamma distribution.

Bayesian estimation of the reliability function

a

R(t) =Pr[X > t] = exp( ! ) (19.29)

has been studied by Sinha and Guttman (1976). Assuming a so-called vague
Jeffreys's prior density (proportional to o~ on o, and using only the first k
order statistics, they show that the posterior density of R(¢) is

k

S S.—1
F(,kc){—logR(t)}{R(t)) <1 R(1) 20, (19.75)

where S, = T, /t, which can be regarded as the "cumulative life per unit
time" up to time ¢. The posterior density for ¢ in this situation is

0'_("”)exp(-—). (19.76)

See also Shoukri (1983) for further discussions.

Villén-Altamizano (1990) used a gamma (p,a~?!) prior for A (= o~ 1),
obtaining the posterior density of R(1) = exp(—o ") given the results (W, I;)
(i=1,...,n) from arandomly censored sample of size n with lifetimes{X}}
and censoring times {Y;}, where

W; = min(X;, Y;)
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and
1 ifX; <Y,
IJ=I(XfSY;)= 0 ifXj>Yj,
in the form
(a +Ww)P*! _

W, 1) = ~—————ro*""1(—logr)?*'"! < :
pr(rIW, I) Tp + 1) r (—logr) ,  0<r<1, (19.77)
where W= X7_ W, and | = £7_,1.

The posterior expected value is
- + W o\
R,=E|RW,I]=|—F"— .
> = E[R ] (a+W+1) (19.78)

This is the Bayesian estimator (optimal for quadratic loss). The mode of the
posterior distribution is

( p+I1-1
~ e —_— —
R3 = P a+W-1

0 otherwise.

) fW>1-a, (19.79)

Two-Parameter Exponential Distributions
For the two-parameter distribution

x— 0

px(x) =¢r‘lexp{— }, x=26>0;0>0, (19.1y

Sinha and Guttman (1976) ascribed a joint prior to 8 and o that is
proportional to o~¢ (a > 0), and obtained the following results for Type |
censoring using the first k order statistics in a random sample of size n. The
posterior expected values (Bayes estimators) of § and o are

Ci{n(k +a - 3)X; - C71,5,}

n(k +a — 3) ’ (19.80)

E[81X] =

Ci Sk

ElolX] = ek va=3)’

(19.81)
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where
, k
S = X A(Xi — X)) + (n—k)( X — X)),
i=1 ’
C 1 1 nX{ —(k+a-2) -1
K= - + S;c .

For the reliability function

t— 6
R0 =o0( - ),
we have

1

’ ) —(k+a-2)

n t —
E[R(t)|X] = mck{(l + S,

t+ HX{ —(k+a—2)
—[1+ . > Xl (19.82)
Sk

This estimator was found to be reasonably robust with respect to a. The
posterior distribution of R(¢) is quite complicated [see also Pierce (1973)].
Trader (1985) used a truncated normal prior.

76 Miscelianeous

Maximum probability estimation (MPE) is a method of estimation proposed
by Weiss and Wolfowitz (1967) [see also Weiss (1985)]. The essentia idea is
to seek aninterval of predetermined length 1, say, that maximizesthe integral
of thelikelihood function over the interval. In the case of the two-parameter
exponential distribution (19.1), the anaysis for estimation of 8 takes an
especialy simple form. Given a random sample of size » with values
X ..., X, the likelihood function is

a
lO, 6 > Xj.

Z’-’= X,’ -6
exp _L) 0->0,05minX’.:Xi,
L(Xl|6,a) =

(19.83)

ik
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Since L =0 for 8> X] and L isan increasing function of 6 for 8 < Xj,
the MPE interval of length [ is

(X! -1, X)) (19.84)

(whatever the value of a). Blyth (1982) followed this analysis by considering
choice of attractive valuesfor 1, if (X} — 41) is used asa point estimator of 8.
He found that
1. for minimum mean square error, 3 = n~lo,
2 for minimum absolute error, %l =n'a log2

Introducing a quadratic loss function, Arnold (1970), and independently
Zidek (1973) and Brewster (1974), derived optimal estimators of a for cases
where ¢ is unknown. The MLE of a, ¢ = X — X}, is aso the best affine
equivariant estimator (BAEE) of a. However, the estimator is inadmissible
for awide class of loss functions satisfying conditions of differentiability and
bowl-shapedness. Modified estimators, aimed at reducing this drawback,
were suggested by the above authors.

Estimators of the ratio (6 = o,/0,) of scae parameters of two distribu-
tions oy, m, of form (19.1) with values (o}, 8;) (j = 1,2) for the parameters
(o, 8), respectively, were investigated by Madi and Tsui (1990). Suppose that
there are two independent ordered random sample values

X 1X,< .00 <X

1n,

from 7r,

and

Xyl Xp< ..or X5, fromm,.

With loss function W(8, 6*) whence 8* is an estimator of 6, the statistics

s o X, X3,
(Xl X _XZI) (/—‘;1 - Xy ’ )?2 - X5

are sufficient for the four parameters a,, a,, #,, and 8,. Assuming that
W(s, 6*) = W(8*/8), the BAEE estimator is

X - Xy X
————-min|cy,c;——-| if X{; >0,
X2 _Xél Xl _Xll

*={_ , (19.85)
Xl _Xll

_——“‘,—CO
XZ - XZI
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where ¢, minimizes St~ 2W(ctX1 T nyt/n,) 1+~ 2 dt and ¢; minimizes
[t Wet)Q + nyt/n,)" ™M+t Y gt provided that

1 W isdifferentiable,

2 W(y) is bowl-shaped [i.e., W(y) decreases with y for y < y,, increases
for y > y,l, attaining its minimumvalueat y = 1,

3 if oy =0, =1, then

E c 1~ ;1
X, — Xy
A "smooth" version of §* can be obtained by replacing the multiplier of

(X, - X;)/(X, — X},) by a more refined function. The resulting estimator
has

WI

] isfinitefor all ¢ > 1.

cg=1-3n7!,

1 8* 8% \?
¢, =n3Y(n, +1) n(n,—3) forn,>3 andW—;s— =1-|{—1;

é
(19.86a)
co=nz'(n = 1) 'ny(n, - 2),
&* &* &*
¢, =1-2n;' for W(E—) = (?) —log(—;o;-) - 1. (19.86b)

Effectsof Outliers
The effects of outliers on the estimation of a in the one-parameter case
(19.28) has received considerable attention in the literature since the early
1970s. Among thefirst studies were those of Kale and Sinha (1971) and Joshi
(1972). They initially studied situations where n — 1 independent random
variables each had distribution (19.28), while one further random variable
(the "outlier') has a pdf of the same form, but with a replaced by o/a.
For situations where the identity of the outlier is not known (and the
probability that X; is the outlier is n=" for j =1,...,n), Kale and Sinha
(1971) suggest consideration of the class of estimators (for o):

~ Tk
by
where T, is defined as in (19.73). Joshi (1972) tabulates oetimum valuesfor
k, minimizing the mean square error. If k = n[with &, = Y x,/(n + 1)}, we
have i=1
MSE(,/e) =(n T 1)'+2(a! - 1)’(n+ 1)7%,  (19.88)

where o /a isthe mean of the outlier.

(19.87)
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Generally, the optimum k has to be found numericaly. Joshi (1972) found
that for 0.55 < a < 1 the optimal value of k is n. Later [Joshi (1988)] he
found that the optimal value of k isfairly stable over wide ranges of values of
a and suggested, as a rule of thumb,

Takek =nfor05<a< 10
Takek =n - 1for 025 <a< 05
Takek =n - 2for 006 < o < 0.25.

Chikkagoudar and Kunchur (1980) suggest the estimator

(1 2j ,
- E - mn ) =

Comparison between &, and V shows that neither estimator dominates the
other (in terms of mean square error 10ss). [T, (for optimal &) is superior for
values of a near 0 or 1.] Balakrishnan and Barnett (1994) have recently
proposed some generalized estimators of this form and discussed their
properties.

From (1991) has studied robust estimators that are general linear func-
tions of order statistics, aiming to obtain optimal (or near-optimal) valuesfor
the coefficients ¢; in Xr.cX], for various values of o and n. Optimal choice
calsfor rather complicated calculations, so From advocates use of simplified
estimators with very nearly optimal mean square error, which is aways less
than those of &, and V. This estimator uses

d forl<j<m,
<= d, form+1<j<n,

with d; > d, and appropriate integer m. Tables are provided giving optimal
valuesof (d,, d,, m) for n = 2(1)15(5)30(10)50 and a = 0.05, 0.15.
If the value of a is known, Joshi (1972) suggests using the estimator

(n—1+aYé,_,/n. (19.90)

He also suggests estimating a (if it is unknown) by an iterative procedure,
solving the equation

ng, =(n—1+a1)é,_, (19.91)

to estimate a, and then using optimal k to get a new estimator 4, of a, and
so on; see also Jevanand and Nair (1993).

Through a systematic study of order statistics from independent and
non-identically distributed exponential random variables, Bal akrishnan (1994)
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has established several recurrence reations for the single and the product
moments of order statistics. These results will enable the computation of all
the single and product moments of order statistics arising from a sample
containing p outliers (recursively in p by starting with p = 0 or the i.i.d.
case). Through this recursive computational process, Balakrishnan (1994) has
extended the work of Joshi (1972) to the p-outlier case and determined the
optimal trimmed and Winsorized estimators. The robustness properties of
various linear estimators, including the Chikkagoudar-Kunchur estimator in
(19.89), have also been examined by Balakrishnan (1994).

Veae (1981) has investigated cases where the identity of the outlier is
known. This of course leads to much simpler analysis.

Returning to uncontaminated (no-outliers) data, the estimation of a in
the standard (one-parameter) case (19.28), subject to the condition that a is
no less than a,, was studied by Gupta and Basu (1980). [Related cases
o<a, or ain (a, a,) can be anayzed similarly by using appropriate
transformations.]

Natural estimators of a (given o > o) are

6 =max(X,0,) (theMLE) (19.92)

or

n
o* =n"' Y max(X;,o0,). (19.93)
i=1

Numerical studies show that the mean square error (MSE) of a* islessthan
that of 6 for smal n, when o,/0 issmall. Indeed, even for n = 30, a* has
the smaller MSE if ay/0 < 0.3.

Estimation of the probability P= Pr[Y < X], where X and Y are inde-
pendent exponential variables, has recelved prominent attention in the
literature. The common interpretations of this probability isa measure of the
reliability or performance of an item of strength Y subject to a stress X, or
probability that one component fails prior to another component of some
device.

Tong (1974, 1975) obtained the uniformly minimum variance unbiased
estimator (UMVUE) of P when X and Y are independent one-parameter
exponential (19.28) variables. Kdley, Kdley, and Schucany (1976) derived the
variance of the UMV UE of P. Beg (1980) obtained the UMVUE of P when
X and Y have two-parameter exponential (19.1) distributions with unequal
scale and location parameters. Gupta and Gupta (1988) obtained the MLE,
the UMVUE, and a Bayesian estimator of P when the location parameters
are unequal but there is a common scale parameter. Bartoszewicz (1977)
tackled the problem in the exponential case for different types dof censoring.
Reiser, Faraggi, and Guttman (1993) discuss the choice of sample sizes for
the experiments dealing with inference on Pr{Y < X} in an acceptance
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sampling theory framework with exponential variables. Most recently Bai and
Hong (1992) revisited the problem, obtaining the UMWE of P with
unequal sample sizeswhen X and Y are independent two-parameter expo-
nential random variables with an unknown common location parameter.
Kocherlakota and Balakrishnan (1986) have discussed one-sided as wdl as
two-sided acceptance sampling plans based on Type-11censored samples.

If X and Y are independent one-parameter exponential (19.28) random
variables with hazard rates (¢=!) A and u, respectively, then

P=PrY<X]=p(A+p)"" (19.94)
Given two independent random samples X,, ..., X,, and Y,,...,Y,, the
MVUE of P is
(m 1)(1) _ _
1" —= if nY < mX,
Z (-1) — if
p* (19.95)
ml (=) (mX

1 - ):( 1)

i (—_) if nY > mX.
m nY
[Tong (1974)] where a® =a(a—-1)..-(a- bt 1), a®’=a@t .-
(atb-1).
If u isknown so that there isno need to samplefor Y vaues, the MVUE
is
m- |

% .;0 (—l)j(m _ 1)(j)(mp,/\—’)_j

+(=1)"(muX)""" exp(~muX). (19.96)

If there is Type II censoring, with only the first g order statistics X7j, ..., X,
o X and the first h order statistics Y7,...,Y; of Y being available, the
UMVUE o Pis

— 1D

):( 1)’(ghm) (5) if H<G,

ﬁ*= (62 (1997)
G

1- Z(—l)'( gm) (E) ifH>G,

where G = £&_,X] + (m - g)X,, H = £'_,¥/ + (n - h)Y;. For g = m and
h = n, (19.97) reduces to (19.95).If each failed item is replaced immediately
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by a new item having the same lifetime distribution, the UMVUE o P is
obtained from (19.97) by replacing G by mX; and H by nYj.
The maximum likelihood estimator of P (given compl ete sample vaues) is

X

P=—= X 19.98
X+ ( )

~i

If m = nthe MLE is unbiased (E[P] = p(A T 1)™Y, and henceit isalso the
UMVUE of P, as noted by Chious and Cohen (1984). Expressionsfor the
UMVUE of P for the general case of two-parameter exponential random
variables are complex, even in the case of common (unknown) location
parameter.

However, the MLE of P isgiven by

+ 1

-T
. (19.99)

P=——
y-or

X

where T = min(X, Y) = min(Xj, Y;) is the maximum likelihood estimator of
the common location parameter. As m, n — «, with m/n — vy, asymptoti-
caly

Vn (P — P) % N(0,0?), (19.100)

where a2 = P2(1 — P)*{y(1 — y)} and the £ and the UMV UE are asymptot-
ically equivalent in this case.

In view of (19.94), the problem of choice of sample sizesfor estimating P
with specified accuracy is equivaent to the solution to the sample size
problem provided by Reiser, Faraggi, and Guttman (1993) for the ratio of
two exponential scale parameters. Given P;,a, P,, B with0 < P, < P; <0,
0<a<l,0<pg <1, itisrequired to find an acceptance rule of the form
P> P, with m and n such that (1) if P = P,, the probability of acceptanceis
1-a and (2) if P=P,, the probability of acceptance is $. In this case m
and n must satisfy

Fnom; P
2n2mia 2 (19.101)

2

F2n,2m;(l -8B P]

where F,, ,,., iSthe a percentage point of the F,, ,,, distribution.
When a random sample of size n has been censored by omission of the
greatest n — k observed vaues, it may be of interest to estimate (predict) the
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vaue of a specificone of the omitted values X|, say (r > k). Lawless (1971)
used the pivota variable

X, - X
1= Tk

[T, asdefined in (19.73)] (19.102)

to obtain the upper 100(1 — a)% prediction limit (UPL),
UPL(X)) = X; + 8,.1-oTx (19.103)
wherePi[G, < g,,-,0 =1—-a Thecdf of G, is

k
(r—-k,n—-r+1)

Pr[G, <g] = B
r—k-1 )
x ¥ ("’lf‘ 1)(—1)'(n—r+i+ 1)~}
i=1
x{1+(n-r+i+1)g}™" (19.104)
Lingappaiah (1973) suggested using

X - X!

(19.105)

in place of G,, noting that these would lead to simpler calculationsand that
X, contains"'dl the prior information' about X;. However, Kaminsky (1977)
pointed out that this is only true if ¢ is known. He also noted that the
probability that the UPL based on G, exceedsthat based on G, isclose to
(but below) 05 in a number of representative cases. Furthermore he showed
that the asymptotic probability (as n — =) that the length o predictor
interval based on G, exceedsthat based on G, is zero.

For the two-parameter distribution (19.1) similar procedures can be fol-
lowed, noting that the variables X} — X are distributed as order statistics
from a random sample of size n — 1 from the distribution (19.28). Like§
(1974) extends Lawlesss (1971) treatment to this case, using the statistic

X, — X
-5

G, (19.106)

with T} = ¥, X! + (n — k)X — (n — 1)X]. Tablesof quantilesof G, were
constructed by Like$ and Nedélka (1973). Further results on these lineswere
obtained by Lawless(1977), and later incorporated in hisimportant textbook,
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