2.2 CHEBYSHEV POLYNOMIALS
The solution of the differential equation

dy dy
(1 - Q)F—IE 2 nzy ={ (219)

is called the Chebyshev polynomial.
The Chebyshev polynomial of first kind is T (x).

T (x) =y = cos(n cos™! x)

To verify, y = cos (n cos™' x) satisfies the differential equation (2.19)
y = cos (n cos!x)

dy__ nm
@& 1-x%)

sin (n cos™' x)
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, 2 dy
m )= = n
T N (a eostty

Differentiating both sides wig ——

L We have
/ Iody )
\(l“-‘ ) h“ "‘T“C-‘-‘_—____:_-_:!\' o :k\\\‘ l" \\\\ ‘)
ax* a " " —
l-'\'- ‘h | »
V=23 vl =)

Multiplying both sides by J(1—15) e -

1 2 dy dy
U-2) — & a0 cos ( cos 'y
e - v ' .

3 I': ¥ -f\.
(1 '-.I‘) 1_'...._“._‘_.__ +": yal
dx® v )
Therefore, y = T.(x) = cos (n cos™'y) is the soluti i ——
: 5 &) K solutio
equation (2.19). olution of the ditferential
The Chebyshev polynomial of second kind is U (x),
enfv v = < - 5 ge "
To verify, ¥ = sin (n cos™'x) satisfies the differential equation (2.19),

x U (x) = ¥ = sin (n cos' )
dv n a1 )
—_:-__—___...:‘: c‘s " k‘us‘ AN
. 3
& Ju-x)

2 d\
(1-x7) F = —n cos (n cos )
e

Differentiating both sides with respect to x, we get

Ja-x) 'd;: . - . n o (';Ll‘::m
N O (1=x%)

Multiplying both sides by \/(1-,1-2) , we have
d*y dy

| =) == ~x= +nly=0(
( == >

Chebyshev polynomials
n =0, Ty(x) = cos 0=1
T,(x) = cos (cos'x) = x
T,(x) = cos (26), where 8 = cos ! x, x = cos 8

=2cost@-1=22-1
Jo-3cos = - N

"I\ @ 30 =4 co
Tyfx) = cos 220- 1 =208 -1 -1

T,(x) = cos 40 =12 co
=8.x‘4-—8.!‘!+l
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?'..\\\ s o M s cox A0 cos @ i 40 wint
woeox A0 cos @ sty 002 cos 20 sin 20

e AR - R e 1) J(l ) 2N J(I xt)@d - 1)
w o < 20 4
T = cos 68 = 2 cos? ) - |
ST U TY L |
= 0O AR ¢ IR -
fa) e 6T - T2 ¢ Sat - T
) = 128 - 256 + 160 - 32 + |
F) = 28 — §767 4 308 - 1200 + Ox
U =sn 0 =0

U = sin(cos ' x) = sin 0 = J(l -x*)
Uy(x) = sin (20), where @ = cos'x, x = cos 6

=2sin fcos B = 1\'\’(1—{")

Ugx)=sin 3@ = 3 sin 6 - 4 sin’ @ = sin 63 - 4 sin? 6)

\il 1-x) @2 = 1)

U,(x) = sin 48 = 2 cos 26 sin 20 = Ja-x%) @ - 4x)

Notes:
1 T.(n=m50=l

2 T.0) = msi‘- = if n is odd

= (—1}‘-. if n is even

3T (-D= -1
4 Ul)=sin 0=0
5. U(-1)=sinx=0

i um)=sin-";-'- = 0 if n is even
= (1) if n is odd

221 Series Solution

Seppose y = 3,8.%
0
Differentiating with respect to x, one £ase€s
- ..-:Za,(k—r)lt-r—l
o
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Differentiating with TESpect o x again one gets

d2 o
P 20 (k=r)(k~p - gyt-r-2
0

dy dy
Substituting the values of Ec and E;— in Eq. (2. 19)

;1
E

oo

(A=) 0, (k =Pk = 1yb-r-2 ~x Y korypl Y
0 0
Y a,(k=r)(k=r - [)xk-r-2

-Za,[(k-r)(k-r-—l)-!»{k-—r)-n Jt

0 0

| X, (k=r)k —r - [gk-r-2 =Y altk=r) —nt et =
i 0 0

‘; Comparing the coefficients of xt we have

|

ao(kz - nl) =0,k
Combari_x;g the coefficients of xt-!

~, we get
ay((k - 1 - p2) =

=n, -n

0. k#14+n2]1-p So, a, = 0.
Comparing the coefficients of xt-r-2 , wWe have

ak-nk-r-1)= a,,((k-r-2)2_p

g k=r)k-r -1)a,
| e [(k~r-2) — 7]
| But k=n

_(n=-r)(n-r- Da,

a

_(n=-r(n-r- Da,
B e D' -n?] [(r+27 ~2n(r +2)]
When r = 0,
_ .nn-1)
2 o
_(n=1)n- -2 _
3-G-2m)

O, =0,1=0,1,273.

_(n=3)(n-2) n(n- 1)
4-(4-2n) 2-2- 2n)

_ n(n=1)(n=2)(n-3)(n-4)(n-5) N
" 2-4-6(2-2m)@d—2n)(6—2n)
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nin=1 ,. nn=Dn-2)n-3) 44
oA »
2:-2n-2) 2-4.2n-2)(2n-4)
n(n=1(n=2)n=3)n=4n=5) ns )
2-4.6(2n-2n)(2n-4)(2n-06)

T (x) = a, (x” -

Taking a, = 2",

T (x) = ﬂ[(Zx)n @+ (n-3)12x)"" (n-4)'(2x)""° +]
o B 2n—4)! 31(n-6)!

N o 1y
et e =)' (n=r=1! . a2
=3 20: ez

no.. .
N=E,1fnlseven

_(n-1
2

, if n is"odd

' Matrix representation

T (x) satisfies the detetrminant

lx 1 0 0 0 O O
12x 1 0 0 0 O
01 2x1 0 0 O
00 1 2x 1 0O
00 0 1 2x 1 0
00 0 0 1 2x 1
00 0 0 0 1 2x
Forn=2
Tﬁx):jzlx =2
x 1 0
For n = 3T,(x) = |1 2 1| =42-3
0 1 2x
x 1 0 0
i 1 2x 1 O
For n = 4T,(x) = 0 1 2x 1
0 0 1 2x
=x(8x3—4x)—(4x2—1)=8x4—8x2+1
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222 MFM

The Tuncton which penersies ghe Chiebyshey pol .k

(l~a) i~ gx)
S Xy AN L
(2w %) . -2 444
| | | - n :
ve the coefficient of 2 iy e “hpansion of ““""‘""*”"}'"z" " T
2024 5%
Proaf
(- zx)

(1-2xz42%)

« (1 - ) - t‘(?.l-:“’
= (1 --z.t)llorlh-zln‘(h-nhﬁz._o'.ﬁh-,f_
l(l~uﬂlﬁﬂh-'liér’ﬂ¢"-wor’j

¢ - 2P ey,
R LN | T PO I
TS « T2 o Tyn e o Tan:t s

=] e zre (Y. e o (4
= Tyn) & T0x) ¢

- 2:'}.(1)

0

|~ zx)
Therefore, . .

(1-2zez’y

® e poscrating functon of T im0

2.2.3 Orthogonality of T (1)

]l
(n I&(l’r(lm‘o Umen
' Jl“.ll
() PIL(-‘,r‘lh«e-% mane
A 2
i) 'ﬁil)r{l@_.“....o
Proof

IT (T (o e }m(nm“‘:)m(am"xlﬁ
(1) r

meEn
3 i'"', -+ ¥
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dx
Putcos'x =6, cos 6=x, - =df
\‘l—.tz
Whenx=-1,8=x whenx=1,06=0
0
m
s (ncos™ x) cos (mcos” x)dx Icos 1 cos m6d@
-1 l“‘xz x

= I[Cos(n +m)8 + cos(n — m)81dad

_ [sm (n+m)é N sin (n -m)H]” -0
0

(n+m) (n—m)

1
4 Tn (x)Tn (I)dl’
_ j[ cos (n cos"x) cos (n cos'lx)dx
-1 \/]‘. = x2
dx

-5
Whenx=-1,8=m whenx=1,0=0

Put cos'x = 8, cos O =x, - =de@

1 = E
J cos (n cos lJr) cos (n cos lx)dzr

-1 \Jl—xz

(iii) _l[ o () j 2 =2] 2 =x
e

L2

Orthogonality of U, (x)

= Jcoszn9d9= =
2

o

1
dx
0 J‘ U, (x)U,(x)

V1-x?

[ L0 _7

=0,if m#n

(ii) yifm=n#0
) \fl—-xz
1

o [ T, ()T, (x)dx :

(iii) oy s —=f.fm=n=1
3 v1-x* _
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Proof:
() U (x}U (x)dx jsin(n cos"x) sin{m cos"'x)dr
oo » M
-] Jl_—' 12 -] dl "'xz

Put cos ' x = 0, cos 0=y - & = df
V1 -x?

Whenx=-1,0=7 whenx=1 0=0

L - od xa "
Jsm(n cos 'x) sin(m cos™ x)dx
2

= — | sin n# sin mBd o

x

=] I—X

x
= I[cos(n - m)8 - cos(n+m)f)db
0

(n=m) (n+m)

=|:sin(n —m) sin(n +m)0£ -0

(i) J'U 2 (0OU, (x)dx
] ,m

L s - "
_J'sm(ncos 'x) sin(n cos ™" x)dx

™ Vi-x*

dx
= do
\.‘1-—.1'2

Whenx=-1,0=n whenx=1,08=0

Put cos'x =6, cos 8 = x, -

. g . -
I sin(n cos™' x) sin (n cos™' x)dx

X
= | sin® n8d@
) J:;?._ Imn

0

i
1|7

(iti) IU" (x)dx =0

2.2.4 Recurrence Relations

L T, +T, (x) = 2T,(x)



Previ:

Pui

Adding

A

Ty

Provr:
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T (x) = cos (n cos™'x)
cos'x= @, cos B=x
T (x) = cos (nf)
T, ()=cos(n+ 1)
= cosn@ cos 6 - sin n@ sin @
T_(x)=cos(n-1)8
= cos nf cos @ + sin nf sin 6
T @+ T (x)=2cos nbcos 6
= T (x) [cos 6 = x]
T +T _(x)=2xT(x)

(1 -2) T/ @ =nT_, (x) - nx T,(x)

T (x) = cos (n cos™'x)

Puzcosixr=6 cos @=x

T (x) = cos (n6)

nsin né

Tn'(.t) =
I-x

Multiplying both sides by \/(l—xz), we get

J1-x%) T/(x) = n sin nf

Multiplying both sides by \/(1 —x?%), we have

Coasider

- §
Proof:

(1-AT/@= Ja=x%) n sin 6

= n sin @ sin n@
T_,(x) = cos (n-1)80
= cos n@ cos B + sin nB sin 6

sin @ sin n@=T_ (x) - cos né cos 0
=T _,(x) - xT,(x)
(1 - ) T,'(x) = n(T,_,(x) - xT,(x))
(1 - 23 T)(x) = nT,_,(x) - nxT (x)
U, + U, )= 2tU (x)

U (x) = sin(n cos1x)
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s

Put cos™l x = @ cog 0=y
U, (x) = sin (ng
U, (x) = sin(n + 1)
= $in n cos @ + cog n6 sin @
U, (x) = sin(n - 1)6
= §in n0 cos O - cos nf sin 0
Adding T, + T, ,(x) = 2 sin n@ cos @

= 22U (x) [cos 6 = x]
U, @) + U, ()= U (x)

4. (1 - U (x) = nxU, (x) - nU__(x)
Proof:

U,(x) = sin(n cos! x)
Put coslx=6, cos =x

U (x) = sin (n6)

U= n cos nf

% N1-x?

Multiplying both sides by \/(1 - x%), we have

\}(1 - x%) U'(x) = n cos n@

Multiplying both sides by J(l —x%), we have

(1 - AU = \/(l-xz) n cos n@

= n sin 6 cos nb

. U, (@) = sin(n - )0
Consider | -l = sin n@ cos 6 — cos nf sin 8

sin 6 cos n6 = sin n@ cos 6 - U, ,(x)
= xU (x) - U _,x)
(1 - R, (x) = mxU,(x) - U,_,&)
(1 - AUx) = xU,x) - nU_,(x)

Polynomlals In terms of T(X)

Tyx) =1
T,(x) =%
T,(x) = ot -1
T,(x) + (x)

aaaaaaaaaaaaaa snall
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T (x) = 4x3 - 3x
. BW+IE)
4
T, (x) = 8x* — 822 + 1
Ty (x)+4T,(x) + 3T, (x)
8

A=

WORKED-OUT PROBLEMS

1. Prove that T,(=x)= (-1)"T (x)
Solution: - T (x) = cos(n cos™' x)
_ T,(—x) = cos (n cos™ x)
\ = cos (n(r - 6)

\
i

= cos nm cos n@ = (-1)"T, (x)

\2. Express x* — x + 1 in terms of Chebyshev polynomials.

Solution:
XX-x+1= ﬁ%&‘l - T,(x) + Ty(x)
_ L(0)-2T,(x)+3% ()
2
3. Express x> + 4x2 — 3x + 5 in terms of Chebyshev polynomials.
T
Solution: = 3(%) :3Ti(x)
2. B@HHE)
2
x= Tl(x), 1 = Ty(x)
a3 s 52 BOHIRE TG T0)
2
=3T,(x), + STy(x)
_ T(x)+85,(x) -9, (x) +13T,)
o 7
4. Express 8x* - 82 - 6x2 + 5x — 4 in terms of Chebyshev polynomials
Solution: 8x* = T,(x) + 4T,(x) + 3T (x)

! 813 = 2T3(x) + 6T] (X)
» 6x2 = 3T,(x) + 3T(x)
* x=T\x), 1 = Ty(x)
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Qriableg
8t - 8y Gy2
* 30 dis
= 44 4 gp '
) ; 3T - @1y 4 67, (x
- Ty(x) + 3Ty(x) + 5T, (x) - a7y
— 4 X) —~ 27‘ .
. )+ 77y(x) _ Ty(x) + 27,(x)
5. Prove [ £ Tta)dy '
-1 1- xz )
. 1
Solution: = J' x’cos (4 c0s™ x)(d)
\
-1 1- x2
Put cos™!x = g coq 6=x
do=__ 4
1-x?

c0s°6 cos 4640

O —y

e, =0 [cos (- 6) = cos 6, cos (47 - 6)) = cos 45i
6. Write T(x) + T\(x) + Ty(x) as a polynomial.
Solution: Ty =1
T,(x) = x
Tyx) =22 - 1
T)(x) + T,(x) + Ty(x) =222 + x
7. Write T,(x) - 4T,(x) + 5T (x) - 67,(x) as a polynomial
Solution: Ty(x) = 4x3 - 3x, T(x)=22-1
T\(x) = x, Tyx) =1
Ty(x) = 4T (x) + 5T,(x) - 6T (x)
=40 -3x-422 -1 +5x-6
=4 -8x2 + ¢ -2

|

e it i

1
8. Evaluate j x*T, (x)dx
-1 )
Solution: Put cos™'x =6, cos 6 =x
dx

] -

do= , dx = sin 6d0
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1 |
j-\‘Tg(l)tfr = Ims’ﬂ cos 28 sin dé
-1 [\

4

= jmszﬂlcoszﬁ—l)sin ade
0
<
=2 cos @2 cos’ @~ 1) sin Bd6
0
" =
= 4 ‘ cos'@sin 640 -2 I cos’@sin 040
0 0
P
S J 15

\
\

Lt vy
9, Evaluate IM}_‘?_‘

5
- vi=-x*

Solution: j.

-1

Ta(t)n(l)lﬁ
vi-x?

= 0 by orthogonality (m # n)

1 A
10. Evaluate I[T’“)] dr

= | 41—.1'2

L) dv

1
l
Solution: e

1
. Bvaluate [x'(1-) T
Q

= ; by orthogonality

1 1
Solution: J'x“n-x"‘)"’rz(x)dr = jx’(l-x’ 2 cos (2 cos™ x)dx
0 0

Put cos™! x = 6, cos 8 =1,

do= -2 d=sin 0d61-2?) =sin 6
3!—12

a2
- jcosJesin’ecos 26d0
]
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{ i € ump[r‘ Vv,
l"“ldblﬂ

a2

R - M
cos @sin* &2 cos’ @~ Al
;[ )dO = 2 J. L‘()ﬁ‘e Ei"] 0‘!0 & Img‘ﬂiini 0do
0
0
aJi_2 2

105 15" o8

12.  Prove that T, (x) = 2T,00T, (x) - T (x)

Tox) = cos 200 = 3 cos™nf - | = [T, |2 - |
Ty,(x) = cos 3n@ = 4 cos’n - 3 cos nah

= cos n? (4 cosng - 3) = TAT, + 1) -
= 2T_(.:)Th(x) - T L)

|
13. Evaluate [x*(1-22)27; (1)
0

1
Solution: Ix’(l-.rz)mr,(x;dx
0
Put cos'x = @, cos 0 = x,

[ dx ‘
dé = =, dx = sin 8 d6J(1 - x*) =sin §
1-x* '

1
j.r’(l—x:)'”:T}(I)dI

0

cos® @sin’ 8 cos 38 sin 846

o‘—-—ss °"'—"B

-

cos” 8sin* &4 cos’ 8- 3 cos 6)d6

n

=1 =
4 J cos' @sin*8d6 - 3I cos® @sin‘6d6
o 0

1
14. Evaluate jx‘(l-—x’)"“rz(x)dr
-1

l ‘
Solution: ,[ -x) had
ol

Put cos x = 6, cos =X |
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' ‘ 1=

dv e win 0 rlfl\/(f,{’, = i 0

-"(l-—x’)"”fl(.\')d\' e ic(m"()t‘nn 2000

!
=1 ]

nl_l
= 2 | con* 02 cow’ 0= 1)d0

nl_), afl
= 4 d cos® 0d o - ZI cos* 0
0
,_ Sm _m %
"% 8 4
‘ -J"i\w" : !
5. Evaluate _[x(l—xz)"’zu,,(x)dx

0

1
w. Solutlon jx(l 23V (x)dx

.~ Putcos'x =6, cos O=1x,

dx = —sin 0 d6, yJ(1-x*) =sin 0

w2
J cos @ sin 46d6

0

1 72
> [ (sin 56 + sin 36)d6

1
[xa-x) Ui
0

—————
1l

1 (cos 50 S0 349)"’2 _4
0

IAUE 3 15

\

1
16. Evaluate J-sz:.,(x)dx
-1

- 1
" Solution: IIZUg.(x)dx




Put oo ¥ (™ 9w ,
diw s e
e M d ’
!, ~ A= -8in 0 46, Jfl .rz) * sin 8
i ’
y .
j; Us(x)ds « jun'auuwunada
I G

'y
2 fu,-s?f} s d(3sin 6 - 4 uu38;da; ‘ . g‘.;'_. -
£

o
4 6 32 8

17. Prove that U, (x) = xU_ + \f(h 1) T (x)
Solution: U, (x) = sin(n + 1)6 = sin n6 cos 6 + cos =6 sin §

-

= xU_+ J(l-1°) T (x)
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