SPECIAL FUNCTIONS-II

2.1 LEGENDRE'S EQUATION‘ AND LEGENDRE'S
FUNCTION
The differential equation
i 2 git 2 ..:.. 2 1)
“-r}dxz - +nn+ l)y=0 2.1)
is called the Legendre's equation and the solution to this differential equation
is called the Legeadre’s function.
Equation (2.1) can also be writien as

d - 4
'&;[(1-1‘)%] +nn+l)y=0
We will find the solution in senes.
Assume that y= Za,r‘”’ (2.2)
r=0
1L y= aox‘ + alx‘“ + a:,x“: ¥

Differentiating Eq. (2.2) with respect to x
% = Ea,(k -t

XY atk-ryk-r-net (2.3)
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Substituting these in Eq. (2.1)

(I "11)[Zﬂ,(k~r)(k —r=1ptr ’]hz,[iu"k ) r"r..ll

r=0) refl

b nln+ l;Eu,z“ &l
rel)

2lak =k = r~ 12— a k- k= r - (b

r=0

Z[a,(k =0k =r-D2?—aftk-r)k-r+1)=nn+ H)*" =

r=0
Comparing the coefficient of x*
aglntn + 1) = k(k + 1)] = 0
naen-k-k=0
m-kn-k+1)=0 1
k=nandk=-(n+1) (24

~2a,(k - r)** 4 nin 4 I}a,lr"" = 1
{

oy
Comparing the coefficient of x*!

afklk-=1)-nn+1)]=0
ak#zn)k-n-1)=0 ;
Sincek+n#0,k-n-1#%0 [From Eq. (2.4)
a =0 |
Equating the coefficient of x*"2 to zero to get the recurrence relatiof
between the coefficients. Our aim is to find a, a,, a,, a,, ...
alk-nk-r-1)-a,  Jk-r-2)k-r-1)-nn+1)]=0
“a,(k-r)k-r-1)
a2 =
(k-r-)k-r=2)=n(n+1)
k-r-Dk-r-2)-nt-n=k=-*-3k-N+2-n-n
=k-r=-3k-1-(n+2)(n-1)
=k-r)

When k=n

a,(n=r)n-r-1)
(n-r=1)n-r-2)-n*-n
_a(n=r)n-r=1) _(n-r}n-r-lg
T nr-dn+rt+2+3r ~(2n-r=1)r+2)

a2 =




g
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Putr=(

ay = -q, n-1)
Y2.Qn-1) “(2n-1)
By substituting these values in a, ag, a ..
g = =2)(n=3)  —n(n—1)n-2)n-3a,
01 -
4(2n-3) 2.4(2n - 1)(2n - 3)
ag = =n(n = 1)(n - 2)(n - 3)(n - 4)(n - 5)a,
2:4-6(2n~1)2n-3)2n - 5)

ay, = (~1y —"1 =1 .. (n-2r + Day

2:4-6..2r2n=1)..2n=2r +1)
Substituting these values in y

y:aﬂ[xn =D g M U0=20-)
2 (2n-—l) 2:4(2n-1)2n-13)

_nn=1)Yn=-2)n=3)n-4)n-5) ,- s
2.4-6Qn-)2n-3)2n-5) ~

is a solution of Eq. (2.1) in descending powers of x.

When k =-(n + 1)

_(ntr+l)Yn+r+2)a
" (r+2)2n+r+3)

Substituting r = 0, 2, 4, ... we get

=(n+l)(n'+2)a(, . =(n+3)(n+4)a2 . _(n+5)(n+6)a,
2T 2.2n#3) YT 420+ 8T 6@n+ M

2 (n+1)(n+2)n+3)n+4)..(n+2r)a,
2.4, 2r@n+3)2n +5)2n+ 7). (n + 2r +1)
Substituting these values in y ,
- [x_,,_, LD+ Ly 4 D+ k)
2:(2n+3) 2-4(2n +3)2n +5)
is a solution in descending powers of x. ' ‘

2.1.1 Legendre’s Function

The two independent solutions of Eq. (2.1) for k= ~n and k = ~(n + 1) are

called Legendre’s functions.

T — — o T o T ot e Ay TR W, Wy S e 8
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Legendre’s function of first kind
We have found the solution of

2
(1 ‘xz)i—y"—lri)i
dx? 2 T+ ly=0

y= ay . ﬂ(zn—l)x”-! +n("-|)(n-2)(n_3)xn.q
(2n-1) 2-4-Qn-1y2n-3)

where a,, is a constant a : —
0 nd n is a positive integer

T 1-3-5...(2n-1) .
) " , ¥ is called a Legendre’s function of first kind and |

written as P, (x)
1-3-5..(2n-1)
n!

y =P x)=

n_nn- ) - i oy
2(2n-1 i L) ) )
) 2-4-(2n-1)2n-3)

For different values of n, we get the Legendre’s polynomial
5.
Note: When n is even, we get 2 41 terms
2

When n is odd, we get f.%'—] terms

Legendre’s function of second kind
(2.1) when k=-(n+1)and

n!
T 1.3-5..(2n+10)
dre’s function of seconc kind and written as Q,(x)

The solution of Eq.

a4y

is called the Legen
n!
0. = T35 .(2n+))

(n+1)(n+2)n +3)n +4) syl
2-4(2n+3)(2n+ 5)

o (n+1)nt 2) x_,,-_v, "
2(2n+3)

2.1.2 Rodrigue’s Formula

Pz = -i;l;'-;; (2 — 1) is called the Rodrigue’s formula-
. tisfies the differential equation: ic.d
(JNTU 1989) £

Now we will prove that this formula sa

Eq. (2.1).
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d'y
(1 *-‘2);3-—21% +nn+ Ny=0
Proof: Let V= (x? - )%

& = -1t

Multiplying both sides by (2 - 1)

dv
(&~ == = 2nx(e? - 1y = 2m¥

Differentiating again with respect to x

2 AV dav dv
(.T -l)"d";z—‘i'zx—&r—:zn[lf.fx_‘_*;.]

2
14
(xz -l) ——-‘;2 +_‘2‘X(l -N)%-—Zny =0

Differentiating » times using Leibnitz's formula

W=DV, +n-uxV, + "—("—2:1—).2‘;"
+ 2(1 = m)V,, + 2n(1 - n)V, = 21V, = 0
[Note: Leibnitz's formula
D" (uv) = uD"v + nC,Du D™y + nC,DuD*% + - nC,D"u - v]
where V., V_ .. V_, are nth, (n + 1)th, (n + 2)th differentials of v
@ -DV ,+ 2V, —nn+ 1)V, =0
(1 -2WV,, -2V, +n0n+ 1V, =0
V,_ is a solution of Eq. (2.1)
Suppose P (x) = CV, where C is a constant.
To find the value of C
If x=1
P()=1

d” 2 n
I = (V,,),.| = C'&‘x‘z'(x "»1)

n

i;;(xz -1y=@- 1)"5;,,'(1 + 1y +n-n(x - 1)+
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n-l

--——‘x+l"+nC-‘ - < ikl A
L 27 = G - pr=1t L) B

k(x4 ] E—(f_:'_):
d"v .
= - n .. d x_ln
Waenw= | & - [ '—(:Ix"_)_w’]
1 =2"nlC
c=__
2" n!
dﬂ
P(x = 12__ n
(%) 2,,"!dx,,( 1)

To find P,(x), n =0, 1, 2,

1
P = ——"-1 =1
o= 35

; P()-——(x2 1)-2-2£=x
: Wa
Py(x) = 22_2!?("72‘ )2‘——()-" 22 + 1)
1
=-§(1?-r2—4)—2(3x2—1)
d’ 1 4°
P3(x)=ﬂdx3 - )3"2——(15 3+ 32-1)

1
= — - T2x
s (120s3 )

_ J:(SJ:2 -3)

N
Similarly, we can find P4(x), Py(x) ...
é— (35x* - 30:2 + 3)
Px) = % (63 - 70x* - 15%)

P,(x) =

To express polynomials in terms of P,(x)
1= Pyx), x = P,(x)
3 -1_3 A

Pz(X) = ""5"—- 2
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' A w ?’5(‘)_'”1“)
-
Py(x) m 32 =% L3 <an(x
L : '2- ==

| (INTU 2006 Aprl, 2008 Nov.)
o 20 30

g DR

5
R
Px) = 3 (504 - 3042 4 3 (JNTU 2006 Nov.)

[ & P
35x" - 30 (zi,llfljl.iﬂf)) +30( x)]

g e
8

|
‘ - ;4'135-.“' = 20P,(x) ~ TP (x))

o w 8200 + 2UP (x) 4 712 (x)
35

WORKED-OUT PROBLEMS
1. Express x* = 22 & 1 in terms of Legendre polynomials,

Solution: Py) = 1, 42 = 25(-“);%&) i 21’,(.1:);3!’!(;)

P -2 1 s BOTIG CRELRED g

3

_2B()=4B(0) +3R0) + Bx)
3

2. Prove that rlP"(x)dx =( except when n = 6.

' |
Solution: Rodrigue's formula is P (x) = .._.;'_..__(xz = I |

1 (. _‘_1'"_ ~ 1y
1 i
=_.l_.‘.":.ll.(x2—l)" = 0 (when n # 0) i
2"n! dx" r !

If n =0 Pyx) = 1 it

1 (i

[LiPotare= [ e =2 1
iy !

P
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3. Prove that P(0) = 0 for g | ol

. r 08 BN P T vt "
I n= 2m 41 (2n ”(hl V)

Solution: P () = I 3. (I« 1)
nl '
w M- l)
0 el =1 (1= )
[ AMm-)" *S M- 2n - ) - I

l'}'s... 2 y
.2"‘”(.\)'.'_'-—-——— _! .’"_‘,I] .‘_lmll (g”l f “?’" ]
(2m 1) - o
2 2my ;

Substituting x = (

P?mll(n) =)
Therelore, if n is odd
' P.(x) =0

’ 2.1.3 Generating Function |

The function which generates P(x)nm 1,23, .. ivcalled the generating

function for P _(x). The generating function for P (x)is (1 =2z + 7 j"’i: We wiﬁ

prove that P, (x) is the coefficient of 2" in the expansion of (I - 24z 4 o I
(JNTU 2006 April, 2006 Nov., 2008 April/May)

Proaf: (l=-2z+2) e Zz"[’,,(x)
Expanding binomically

2
(1 -22x -2 =]+ -l-z(?.r -2) + ; (%)%(h -z

2 2
1352 13 (@2n-1)
- (2x = 7)} - V% o PP o ane
T R ki T e v el
, 1.3;5¢ =3
s i (lzgxz_%)zz,r [L__’_;___ﬂ]za

[:3..2n=1( , n(n=1) 2 n(n-l)("-2)("-3)+._.)
o m— X — s X
2.2n-1 2.-4(2n-1Y2n-13)

Py(x) + P(x)z + Py(X)2} + -+ P00 + -

(1 -2z + D= Y,2"R(x)
0

ction for P (x).

nl

(1 = 2xz + 227 is the generating fun
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214 Recurrence Relations

(104 I, = (o DP () +(m) P, ()
(NTU 2001, 2008, 2007 April, 2008 Aug/Sep.)

(I=2z+) e 320 (x) (2.5)
0

Differentiating both sides with respect 1o

-1
o - 9‘ 3 - -,*: -
5 (1 =22+ )W (- 24 20) = 3 "By ()

.‘ - - g
(-2xz+2)2 = ) "B (x) (2.6)

Multiplying both sides by (1 = 2xz + 2?)

\ X=z
‘ (1=2xz +23)7? "Z'L" l(l - 2z + )P (x) (2.7

= E[n:""'P,,(x) - 2xnP,(x)z" + nP, (™

(x- :)2 Pz" =) nP,(x)"" - Y 2xnP, (x)2" + b3 (x)z""!

Since (1 - 2xz + )2 = X By(x):"
Equating the coefficient of z" on both sides
xP, -P, _ =+ P, = 2xP (x)n + (n- 1P, (x)

@n + P, = (n + DP,,(x) + nP, () (2.8)
-(LZ)xP"'—P'H = nP,
The generating function for P,(x) is (1 - 2z + )17

(1 -2+ 2= Y P
0

Differentiating Eq. (2.5) with respect to x on both sides

——(1 _ o+ D2 = LB 0 2.9)
(- 2xzz+ 7 > -2z +2)R 7" (2.10)

Dividing Eq. (2.7) by Eq. (2.10)
(x-7)_ 2w hG)

z ZF;" 2"

Z(},urxzn —Pﬂ’znﬂ):annPn(x)

(2.11)

batia e o IRAGESINSEL. T
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C‘-\i‘w the coefficient of 7% on bith sides
.‘P.' o P‘._I = nilﬁ
QEn W, =P Ptt—l UNTU 2008
Recurrence formula (1) is 3008 AprilMay, Nov.
| (20 + 1P = (n 4 D (D)4 wP (1)
Differentiating With respect 1o v "
(3n ¢ “Pl + (l‘ A lhf'.‘ =(n+ l”"lil + nf (3,12
From TeCurmence relation (2) ' e ol
- W =al + P (214
Quhstimting the value of xP' from Eq, (2.13) in Eq. (2.12)
Ru+DP +Qun+ DP + P )=+ D, +nl |
| L=
Qe+ D+ DR, +(n+ DP_ = (n+ DP,
@+ DR, =V, -F, (2.14)
(JNTU 2008 April/May)

@+ DP, = P~y
T

Recurrence Telation QLis@n+ DR, =P, -F,,

Sphstimting F’_, from recurrence relation (2)

@0+ DP, = P,y = 2P, + P,

m+ DP, =P, - 3P, 2.15)

3) (1 - P, = n(F, , - xP,)
(JNTU 2001 S, 2004 Nov., 2007 Feh.)

Recurrence relation (4) 1s
(n+ NP, = Fea= xP'

Recurrence relation (2) is
xP'=nP, + P,

Substituting (7 = 1) for n in Eq. (2.15)

aP_ =P -xF,, (2.16)
Multiplying Eq. (2.13) by x and subtracting from Eq. (2,16)
AR A X3P = aP,, - nxP, = P,

(1-x)P =nP, - xP))

- e "P':(n+|)(IP."'PmI)
“ (1= = INTU 2006 Aug, 2007 Feb., 2007 Nov)
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Recurrence formula (1)
2n+ xP = (n + P, +nP, |
(ﬂ T ])xPn - (" + l)PMI + ”Pn—l = mpﬂ
(n + l)(xpn - Pﬂﬂ) = "Pll-l o nxPn
- n(P"_I ea IP!I)
= (1 -x)P, [from recurrence relation (5))
(1= 2)P, = (n + D&P, - P,,,)

215 Orthogonality of P.(x

(JNTU 1992, 2001, 2007 Nov., 2007 April,
2008 April/May, 2009 May/J une)

|
\; I_| F, (x) P (x)ax =:9, (if n # m)
koo -
\ ol T @if n =m)
ne 2 n
Proof: py=— & @.17)
2".n!  d&" . )
I d"Gr-1)" 2.18)

F,(x)=
2™.m &"
Multiplying Egs. (2.17) and (2.18) and integrating between -1 and 1 with

respect to x
1 d(P-nd"(*-)" "

1 1
J'_‘P,,(x)P,,(x)dx= L S =
1 [y a2 -1y |
2™ i m! " P |
1 dﬂl—l (xl _ l)m dn (12 T l)rl )
-,,j_l [ — T dx (Integrating by parts)
= 0 (lf n# M)

ng 2 2 n
1 2 _ l___l d"(x* 1) d(x —l)dx
L& =] 2"(nl)? A &"
- 1 dn(xz _ l)n dﬂ-l (12 . l)n 1
- 22‘,("!)2 dxﬂ dt"—l ia
LT O el Vi
=i dl,'"'l ) ‘#IH-I




‘n

oA Special Functions and Complex Variablyg

L[ g
g et U O P
' 2 (1| I-t ﬁ'-ﬁi“”;mf;(x’-l)"gt;}
[ptegraling again
- l - 1 d"ﬁz(x l) dH-'I
22 (mi? J-.'“dx. BT —= (-1 a&]
[ntegrating n times

i 21 ldzn(x l, " 2
B (x)dx = (x* -1
J—* ’ 2"‘(::!)’ I s L
dzll
g -1 =(2n)!
ez =(x* - 1)’ (")

| (=1)"2n)! o .
I_lﬂz(l)dﬂ-z'z,—;!-;"i— L(xz -1)dx

s 1
| "(22((1;’) I( T [ @ - 1) s evenl
| Put x = sip 6
dr = cos 6d6
(=" (Zn)'( )"
(2n)!

= 2] cos™@de [+ 2+l
2 (n)?

J'-IPI( x)dx = “Jo Zhl de

)
22!(3!)2 ﬁ *h .
o I"(n+l)l"(5]
) 2%(nt)’ r(n+ -;-)

!
@n)! "!r(i)

Syt Qe @n-D) -‘-r(%)

2 2

() 71 2.4.6..2n
22!,”23 2”2""‘1

aaaaaaaaaaaaaa snall
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uluplyimg snd doadmg b 2 4o 2

L@ 2e

wh PR

- v‘ﬁﬁ*‘
»
t -

rwl

f Fw“""“ -~ (m=n)

u‘?‘u

WORKED-OUT PROBLEMS

1. Prow e P 0y = o

@y

UNTU 2008, 2006 Apcil. 2006 Nov., 2008 AprilMay)
Selnfion: The proccing facsos Fox Pl i (1 - 2 + 2%

\
-2z 27 = TH@
)

a+2n2= Tooe
I

P40y + PAOK + PO + - P,c'@ﬁ‘ .

a ba | La

(1135 _2e-11

’:,‘.u, -

Trra6_ e
[Madipiyg 20d Dividing by 2-4-6 — 2a]

{-1)° - (2=}

> (o

i) 2=

—
-

x ’h"’“"—_"w ,;'

2- Prowe that P, (=51 = -1y Pt} (JNTU 2008 Ang/Sep.)
kmow that (1 - 22 + 210 = ZPm: (i)

CamScanner - Liss &> guaall

—m——— e e «

e 5 e 4

SR ———
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| Substitule x = -y

(I + 2 4 2w i

‘P-(“l):'
g _im ' " ]
Substituting z = =z in (1)

(1 + 2 + 212 i’i(-t)(-l)'-”
0
Comparing (i1) and (iii)
Zpu(".\')Z. = Z[J.h.x__”u:.
0 0
s P(=x) = (-1 P (x).
3. Prove that P + P = Py + 3P, + 5P, +.
Solution: (2n + Dp, = r
Substituting n =1, 2, 3 ...
3P| = Pzi - Pof
SPI = Psl e PI:

@2+ P (2006 Aprily
w = P, recurrence formula

(2n - l)Pn-I = Pn - P"ﬂ_2

(2n + l)Pn = Fﬂ” B Fn-l
Adding all
P, +5Ph 4~ 2n~-1)P 4+ @2n+ )P,

=Py +P/ +P~P'+P P 4P =P +F ~-F, i
Adding P,
Py+ 3P, +5P; + 1Py + -+ 2n + )P,
= Pl’ # PZ‘ * PJ' il Pl' ey Pn’ - P’nvl + FMI - Vn—l ‘
(v Py=1,Py=0,P=PF) 8
= Py =l
- Pﬂ' =P, + 3P, + X e (2n + )P,

1 2 'wdt"‘ 22" ;
4. Prove that I_]I‘},(x)(l—2x2+z ) T (n+))

P

n+l

Solution: We know that
(1-2z+ 2= EPH(_:)z"
0

. & o
=PG+P11+P222+‘ +PHZ"
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::uluplymg F'olh sides by P (x) and integrating between -1 and 1 with respect

1
y - ' d “Ve 1
I-lp"(“)“ 2+ 28) Ry =j_lP,.(x)(Pu + P+ Pt e 4 P2 4o )dx

1
J_,R-(-T)Pm(x)dm 0 (fn#m)

2
2n+1

(if n = m)

1
B @R = [\ PR (s

= [ PP (0)de

1
\ i RACT AT
g
1
[\R-2e ety Pae= [ paaras
= 2z
(2n+1)
22"
(n+1)

2n(n+1)
(2n-1)2n+1)2n+3)

-Solution: Consider recurrence formula

1
I_lﬂ,(x)(l -2xz + 22)—mdx =

5. Prove that ﬂlxzﬂnlﬂqu:

2n + 1P, =(n+ )P, + nP_, () (1)

Substitute n > n+ 1 and n - 1 in (i)
x(2n + 3)P,,, (x) = (n + 2)P ., (x) + (n+1) P(x) (ii)
x@n - )P, =nP,+(n-1)P, (iif)

Multiplying (i) and (iii) and integrating with respect to x between -1 and 1

1
I"'l (2a=1)3n+ 3)x2ﬂ+|ﬂ,-;dx =HnE Z)J—lp"PMzdx +n(n+ l)ﬁlﬂuzdx

) 1 2 1
+(n—-1)n+ 2)]‘_113,_23”2:& +(n? -1) J_IP,,P,,_zdx

= n(n+ l)ﬁll’,.,zdx [ ElePnd" - 0]
- e [if m# ]

(2n+1)
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pl ,_____‘2
!' - 4|

!
I_,-'sz.u/ x5 e 200 4 1)

R e

| n *'nmmzmg,
6. Prove that I_|(l-x’)};”d4 Znin+ )

2n+1y’
Solutlon: In =P (- 2)pepy I”

. X ,,:IM‘
l[nu:gmmg by pans taking () - ,a,p a firss -
. I-.’f-;,;l-“ = Gy
p, satisfies the differential equation
d
- (1 =x)P) 4 nin + 1yp, =
d
e (1 = 2)P)) = —ntn 4 e,
Substituting this’ value in (i)
[La -2 B dx= [ nin s )R e
L2y [ ! 1;’4,-..__.-‘
@n+1) -

I :
7. Prove that (a) P (1) = -2-,,(,, + 13 (b) P/(-1) = (-1 n(n; lj‘

Solution: We know that P_ satisfies the differential equation
(a) (1-2)y -2y +nin+ )y =0

~B)P" ~ 2P + nin+ HP, = 0 ()
Put x = 1

=2P'(1) + nin + DP1) = 0

|
PA1) = n(n; )

[~ Pily=1}
(b) Substitute x = -1 in (i)
2P (1) + n(n + NP (-1) =0
But ;
P(-x) = (-1yP(x)
P(-1) = (-1 P.(l) = (-1)°
2P(-1) + n(n + IY-1y' =0
n( i)

P/(-1) = (-1

B e S T =
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1+:z

1 ¢ .
e AR B
e B 5

S« .
zf1 = 2xz + 22

8. Prove that

Solution:
-

——

1 1 ” Bl
——==(-2m+27) (- 2a+ T

-

-
-

L YRR JISEEE
B -

> %[iﬂ.(r):" = l] + iP..(x):"
Z|l % 0

\ “Lip s ppe P2+ PR P+ LA
Z - -

(v Pp=1
=%[Plz + P2+ P2+ -]+ Y B(x)"
0
=[P, + Pz + P+ + P, T 1% Y. By (x)z"
0
=ipn+|z" +2P:,(x)z"
0 0
=Y [P () + R (X)E"
: 0
= -1 1 -1 -1
9. Prove that Pn(-al) = Po(—z—) PZn(E) + P[(-E-) PZH(_Z-) -
-1 1
+n(3) 2(3)
Solution: We know that
(1-2xz+ 2= Y B, (x)z" @
0

: Y . =
Substitite x = in (1)

o l " -
(1-z+22= ):R,(;)z (i)
0 -

@y bty T W A ~n -

- s s e W e S, S By b e it e & oa @

B i S e s A it e




?"

Sabstimte z = 2 in (i) -
ﬂ+11+z‘r;p=ip(_l-).
a IJA ..':a“

10. Show thatif m<n [ " P (idr=0.
(JNTU 2005 April, 248 Asg/Sep)
Selution: By Rodrigne’s formula
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L0 and integrating with respect 1 1 between 5 = | 1 |
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