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Basic Concepts

A differential equation is any equation which contains derivatives.

Here are a few more examples of differential equations.

ay"+by' +ey=g(t) Q)

: d’y dy o=
()22 1=y L+ e ®
y"”+10y"—4y'+2y=cc-5[f] @)

The order of a differential equation is the largest derivative present in the differential equation.

In the differential equations listed above (5) and (6) are second order differential equations, (7)
is a fourth order differential equation.

A linear differential equation is any differential equation that can be written in the following form.
a, (r)_}":ﬂl (r) +a, (f) _}J':”_l" (.f} +---+a, (1) y’(r) +a, (r)_}' (t)=g [r} (11)

Otherwise, it is called a non-linear differential equation.

In (5) - (7) above only (6) is non-linear, the other two are linear differential equations.

A solution to a differential equation on an interval is any function y (¢) which satisfies the
differential equation in question on that interval.

a

Example 1 Showthat y(x)= x 2 is a solution to 4x°y"+12xy'+3y =0 for x> 0.
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First Order Differential Equations: Linear Equations

The most general first order differential equation can be written as,

dy _
L () 8

We solve linear first order differential equations, 7.e. differential equations in the form

2 p(r)y=g(1

To solve the linear equation ¥' + P(x)y = Q(x), multiply both sides by the inte-
grating factor v(x) = e/ P4 and integrate both sides.

When you integrate the product on the left hand side in this procedure, you always obtain the
product v(x)y of the integrating factor and solution function y because of the way vis defined.

dy
u(.r}d—'r + Plx)vix)y = vix)Qix)

1 ... —_— dv
J oY) = v+ Py o= Pv
—=(vix) - y) = vx)Q(x) ' —
£ ) b a dy - v = [ P
]_JE -+ }IE = UE -+ Pl!_‘r TR = Pdx
T— E,]lur — E_,Ierr
w(x) -y / v x)O(x) dr }Id_u = Py dv _ pd
dx (1) v v = EJI-F‘“'

y = ﬁf v(x)Q(x) dx
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First Order Differential Equations: Linear Equations

EXAMPLE 2 Solve the equation

D =i + 3y >0
X=X 3y, x :
Solution  First we put the equation in standard form (Example 1):
dy

—_ — =y = T,
di  x

0 k. T |
e x2
% (#1) = # Lefi-hand side 15 —'llu v Y)
#}' =./.1_L2|[i1' Integrate both sides.
1
Lyood gy
X r

Solving this last equation for y gives the general solution:

y=2 (—% + C') = —x? + O,
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The integrating factor is

p(x) = el Pmdr — ,fi-3/n)dx

- E—}Jni:i
— E—Jtn x x=0
= EJEI.I T L

x
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First Order Differential Equations: Linear Equations

EXAMPLE 3 Find the particular solution of
I —y=hx+1, x>0,

satisfying y(1) = =2
Solution With x = 0. we write the equation in standard form:

i ke S
Y =¥~ 3 -

Then the integrating factor 1s given by
u = gl —dEE — SA-15nx — 4 Af3 .=
Thus
= | - :
X "I‘j'}-‘ = 3 (Inx + 1343 dr. Lefi-hand side is wy

Integration by parts of the right-hand side gives

1By = —WBnx+ 1) +f_r‘4-"3' de + C.

Therefore .
A WBy=—"a3"¥hx+ H) -3+ C

When x = 1 and y = —2 this last equation becomes —-2=—{0+4)+ C. 50 C=2.

Substitution into the equation for y gives the particular solution
y=Z'3 —Inx — 4.
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First Order Differential Equations: Separable Equations

A separable differential equation is any differential equation that we can write in the following form.
dy
N —=M|(x 1
(¥) =M(x) )
Then collect all y terms with dy and all x terms with dx:

N(y)dy=M (x)dx

Now we integrate both sides of this to get,
IN(y)dy = jM (x)dx

EXAMPLE 1 Solve the differential equation

dy
= (14 yyet,. y=—k.
Solution Since 1 + y is never zero for ¥ = —1, we can solve the equation by separaling the variables.

dy .
T+ = [ e'dx Integrate both sides

In(l + ="+ C " represents the combined constants

of integration

The last equation gives y as an implicit function of x.
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First Order Differential Equations: Separable Equations
EXAMPLE 2 Solve the equation vix + 1) % = x(y + 1)

Solution We change to differential form, separate the vaniables. and integrate:

vix + Ddy =x(y* + Ddx

vdy xdx
1|_.1: —_ I _I + I

s v
/|}+j;2 :f(l __‘-c-ll— l)dj Divide x by x + |

%In:l—i—}'z}=_r—ln|x+1|+f_".

The last equation gives the solution v as an implicit function of x.
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First Order Differential Equations: Exact Equations

Suppose that we have the following differential equation.

dy
M(x.y)+N(x.y)Z =0
(J. v+ (x ¥ -

Now, if there is a function ¥(x,y), so that,

¥ =M(x,¥) and ¥, =N(x.y)

then we call the differential equation exact. In these cases we can write the differential equation as

v v D
Y dx

Then using the chain rule from your multi-variable calculus class we can further reduce the differential
equation to the following derivative,
d

d—(T(I.y(I)))= 0

X
The (implicit) solution to an exact differential equation is then
¥ (I. y) =c

However, we also have the following.
¥, =(‘Px]y = (M):_ =M

¥

v, =(¥, ) =(N). =N,

Therefore, if a differential equation is exact and ‘¥(x,y) meets all of its continuity conditions we must

have.
MJ=Nx
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First Order Differential Equations: Exact Equations
Example Solve the following IVP

2y —9x7 +(2y+x° +1);ﬂ=0. y(0)=-3
X
Solution
M =2xy—9x° M, =2x
N=2y+x*+1 N =12x

So, the differential equation is exact according to the test. Well recall that ¥, =M
W =N

¥ = [Mdx OR ¥=[Ndy -

So, we’ll use the first one.
¥(x.y) =I21}J—9f dx=x"y—3x" +h(y)
k3 =x +F1’|i_],i)=2_],i+;vr2 +1=N
h(y)=2y+1
h(y)= J'E_v+ldy= V+y+k
So, we can now write down ¥(xy). ¥(x.y)=xy-3x+y +y=)"+ (f +1)y=3x" =c
This s where we left off in the first example. Let’s now apply the initial condition to find c.

(<3)" +(0+1)(=3)-3(0) =¢ = c=6

The implicit solution is then.
¥’ +[;u:2 +1)y—3f —-6=0
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Bernoulli Differential Equations
Differential equations in the following form are called Bernoulli Equations.
y'+p(x)y=q(x)y"
In order to solve these we'll first divide the differential equation by }-‘H to get,
v Y+ p(x)y T =q(x)

I-n . .-
We are now going to use the substitution =) I S0, taking the derivative

r_ ~n_t
v —(l—n)} b
Now, plugging this as well as our substitution into the differential equation gives,

——v+p(x)v=q(x)

This is a linear differential equation that we can solve for v and once we have this in hand we can also
get the solution to the original differential equation by plugging v back into our substitution and solving

for y.
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Bernoulli Differential Equations
Example I Solve the following IVP
y'+%y=f}’2 y(2)=-1, x>0
Solution _},--3 y'+i _},--1 e
X

The substitution and derivative that we’ll need here is,
-1 I -2t

v=y V=—y"y
With this substitution the differential equation becomes,
r 4 3
—V'+—v=x
X
Here's the solution to this differential equation.
4 LN
V——y=—x" — ;J(x)zef S
X
J-(x"*v) dx = J'—x_l dx
x_41==—ln|x|+c = F{I)=CI4—I4].III

So, to get the solution in terms of y all we need to do is plug the substitution back in. Doing this gives,
¥y =x*(c-Inx)

(1) =¢c2*-2*In2 = c=lnl-—

Plugging in for c and solving for y gives,
1 —-16 -16

¥(x)= *(ln2-%-lnx) + (1+16lnx—16In2) x (1+16mn%)
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First Order Differential Equations: Substitutions

The first substitution we’ll take a look at will require the differential equation to be in the form,
x

First order differential equations that can be written in this form are called homogeneous differential
equations. Note that we will usually have to do some rewriting in order to put the differential equation

into the proper form. e will use the following substitution.

v[x]z%

We can then rewrite thisas, =XV
V' =v+xy'

Under this substitution the differential equation is then,
v+xy = F(v]
' = F(p]_p — L :ﬁ
F(v] —v X

As we can see with a small rewrite of the new differential equation we will have a separable differential
eguation after the substitution.
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First Order Differential Equations: Substitutions

Example Solve the following IVP
xy' =y(lnx-Iny) y(1)=4. x>0

Solution we can rewrite this as,

:Frzihl(i) : [IJ
x Ly v+xv' =vin| -

Applying the substitution and separating gives,

Integrate both sides and do a little rewrite toget,  In (]n(%) —1l)=c-Inx

F L -1 c 1 .
In l —1=E‘]m'x' -rcze.r:ehﬂx, .- In(Li==+1
8 : (1)=S
1 Za -=-1
—=e* = v=e ¥
v
Plugging the substitution back in and solving for y gives,
J —E—l _E_l
R = v (I) =xe *
X
Applying the initial condition and solving for c gives, 4 = ¢! —
The solution is then, 4

y(x)=xe *
Dr. Moataz El-Zekey

c=—(1+In4)
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First Order Differential Equations: Substitutions

For the next substitution we’ll take a look at we’ll need the differential equation in the form,
y' = G(ax - by)

In these cases, we'll use the substitution,
v=ax+by = vi=a+by'

Plugging this into the differential equation gives,
1{+ _ :
$(v'—a)=G(v)
dv

! = a+bG g
v =a+bG(v) = T75G(Y) y

So, with this substitution we’ll be able to rewrite the original differential equation as a new separable
differential equation that we can solve.
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First Order Differential Equations: Substitutions

Example 3 Solve the following IVP
_;|u"—(xfl:rc—_}'+1)2 =0
Solution

In this case we’ll use the substitution.
v=4x—-y

So, plugging this into the differential equation gives,
4—v'—(v+1) =0

v"=4—(v+l)2
dvz s
(v+1) —4
dv dv
= =|-d
J‘v‘+21»—3 J‘(v+3)(1»—1) |-
L3 R S SN
4 v-1 v+3

v—1
=e{'—1-.1' zce—-ix
v+ 3

v—l=ce™ (1=+3)

v{l—ce4x]=1+3ce4x

So, let’s solve for v and then go ahead and go back into terms of y.

1+3ce™
l—ce™

The last step is to then apply the initial condition and solve for c.

y(x] =4x-

1+3
—c
The solution is then,
1-9¢7*F
x)=4x—
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Second Order Differential Equations

* The most general linear second order differential equation is in the form.
p(t)y"+q(t)y' +r(t)y=g(f) (1)

* The most general linear second order differential equation is in the form.
ay"+by' +cy=g(t) (2)

=  When g(t) = 0 we call the differential equation homogeneous and when g (t ) #0 we
call the differential equation nonhomogeneous.

= Here is the general constant coefficient, homogeneous, linear, second order differential equation.
ay"+by' +ecy=0

Principle of Superposition

If ¥ (I) and y, (r) are two solutions to a linear, homogeneous differential equation then so is

y(!) = oM (r) T (r) (3)
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Constant-Coefficient Homogeneous Equations

Suppose we wish to solve the second-order homogeneous differential equation
ay’ + by’ + cy =0,
If we substitute y = ¢™ into Equation | we obtain
arte™ + bre™ + ce™ = 0.
Thus, y = ¢ is a solution if and only if r 1s a solution to the algebraic equation
ar* + br + ¢ = 0.

called the auxiliary equation (or characteristic equation)

The auxibiary equation 1s a quadratic equation with roots

r ¥ and n = 5

:—IJ+Vb2—d.c?{' —b — VB — dar

Case 1: b* — dac > 0. In this case the auxiliary equation has two real and unequal roots r, and r.

Case 2: b* — 4ac = 0. In this case r, =, = —b/2a.

Case 3: ¥* — 4ac < 0. In this case the auxiliary equation has two complex roots
rn =a + iBand r, = @ — i, where & and B are real numbers and i* = —1. (These real

numbers are « = —b/2a and B = Vdac — b*/2a.)
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Constant-Coefficient Homogeneous Equations

THEOREM 3 If r; and r, are two real and unequal roots to the auxiliary
equation ar® + br + ¢ = 0, then

¥ = et + et

is the general solution to ay” + by' + cy = 0.

EXAMPLE 1 Find the general solution of the differential equation

Y=y —p=2_

Solution Substitution of v = €7 into the differential equation yields the auxiliary
equation

rr—r—6=0,
which factors as
(r— 3)r+2) =0.
The roots are r; = 3 and r; = —2. Thus, the general solution is

¥ = et + e B, |
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Constant-Coefficient Homogeneous Equations

THEOREM 4 If 7 1s the only (repeated) real root to the auxiliary equation
ar* + br + ¢ = 0, then

¥y = c€* + cpxe™

is the general solution to av” + by' 4+ cy = 0.

EXAMPLE 2 Find the general solution to
Vi+ 4 + 4y =0

Solution The auxiliary equation 1s
r+4r +4 =0,
which factors into
(r+2yY=0.
Thus, r = —2 is a double root. Therefore, the general solution 1s

¥y = € & + cxe
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Constant-Coefficient Homogeneous Equations

THECREM 5 Ifr, = a + if and r» = & — iB are two complex roots to the
auxiliary equation ar®* + br + ¢ = 0, then

y = ™, cos Bx + ¢, sin Sx)

1s the general solution to ay” + by’ + ¢y = 0.

EXAMPLE 3 Find the general solution to the differential equation
Yy — 4y + 5y =0

Solution The auxiliary equation is
rr—d4r+5=0.

The roots are the complex pair r = (4 = V16 — 20)/20rry =2 +iandr, =2 — i
Thus, « = 2 and § = 1 give the general solution

y = e%(¢; cosx + ¢; sin x). |
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Constant-Coefficient Homogeneous Equations

EXAMPLE 4 Find the particular solution to the initial value problem
YV =2+ y=0, w0y =1, y(0)=-L

Solution The auxiliary equation is
rPr—2Zr+1=(—1)"=0.
The repeated real root 1s r = 1, giving the general solution
¥y = &' + cpxet.
Then,
¥ = giet + clx + 1)ev.

From the imitial conditions we have

l = ¢y + c;°0 and -1 =g+ 6+ 1.
Thus, ¢; = | and ¢; = —2. The unique solution satisfying the initial conditions is
y = ¢ — 2xe'.
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Nonhomogeneous Linear Equations

In this section we learn how to solve second-order nonhomogeneous linear differential
equations with constant coefficients, that is, equations of the form

1

ay" + by’ + cy = G(x)

where a, b, and ¢ are constants and G is a continuous function. The related homogeneous
equation

2

ay" + by' + cy =0

is called the complementary equation and plays an important role in the solution of the
original nonhomogeneous equation (1).

3

Theorem The general solution of the nonhomogeneous differential equa-

tion (1) can be written as

y(x) = yp(x) + ye(x)

where y, is a particular solution of Equation 1 and y. is the general solution of
the complementary Equation 2.




" M

The method of undetermined coefficients

Summary of the Method of Undetermined Coefficients

1. If G(x) = " P(x). where P is a polynomial of degree n. then try
vp(x) = e Q(x), where Q(x) is an nth-degree polynomial (whose coefficients
are determined by substituting in the differential equation).

2. If G(x) = e™P(x) cos mx or G(x) = €**P(x) sin mx, where P is an nth-degree
polynomial, then try

yp(x) = " Q(x) cos mx + €*R(x) sin mx

where Q and R are nth-degree polynomials.

Modification: If any term of y, is a solution of the complementary equation,
multiply v, by x (or by x? if necessary).
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The method of undetermined coefficients
EXAMPLE 2 Solve y” + 4y = .

SOLUTION The auxiliary equation is r* + 4 = 0 with roots *2i, so the solution of the
complementary equation is

ye(x) = ¢ cos 2x + ¢y sin 2x

For a particular solution we try y,(x) = Ae™. Then y;, = 3A¢* and y, = 9Ae™. Substi-
tuting into the differential equation, we have

9Ae>* + 4(Ae*) = e**

so 13Ae* = ¢* and A = 5. Thus a particular solution is

il N
}”P(l) = 13€
and the general solution is
: 1
y(x) = ¢1cos 2x + ¢3sin 2x + 3™ .

Dr. Moataz El-Zekey Differential Equation Lecture 1



" EEE——

The method of undetermined coefficients

EXAMPLE 4 Solve y" — 4y = xe* + cos 2x.

SOLUTION The auxiliary equation is r* — 4 = 0 with roots 2, so the solution of the
complementary equation is y.(x) = ¢,e** + c,e . For the equation y” — 4y = xe*
we try

¥ (X) = (Ax + B)e®

Then yp, = (Ax + A + B)e". vy, = (Ax + 2A + B)e”, so substitution in the equation

gives
(Ax + 2A + B)e* — 4(Ax + B)e* = xe”

or (—=3Ax + 2A — 3B)e* = xe*

Thus —3A =1and2A — 3B=0,s0A = —%,B = —%, and

.\"P,(x) - (—gx — %)e-"
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The method of undetermined coefficients
For the equation y” — 4y = cos 2x, we try
Vp,(x) = Ccos 2x + D sin 2x

Substitution gives

—4Ccos 2x — 4D sin 2x — 4(C cos 2x + D sin 2x) = cos 2x

or —8Ccos 2x — 8D sin 2x = cos 2x
Therefore —8C = 1, —8D = 0, and
Yp.(X) = —% cos 2x

By the superposition principle, the general solution is

Y=Y+ Yp, + Yp, = C1&** + ™ — (%x + %)e"' = %Cos 2x
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" N
The method of undetermined coefficients
For the equation y” — 4y = cos 2x, we try
Vp,(x) = Ccos 2x + D sin 2x

Substitution gives

—4Ccos 2x — 4D sin 2x — 4(C cos 2x + D sin 2x) = cos 2x

or —8Ccos 2x — 8D sin 2x = cos 2x
Therefore —8C = 1, —8D = 0, and
Yp.(X) = —% cos 2x

By the superposition principle, the general solution is

Y=Y+ Yp, + Yp, = C1&** + ™ — (%x + %)e"' = %Cos 2x
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The method of undetermined coefficients
EXAMPLE 5 Solve y" + y = sin x.

SOLUTION The auxiliary equation is r* + 1 = 0 with roots %1, so the solution of the
complementary equation is

ye(x) = c1cos x + casin x

_\-'p(x) = Axcos x + Bxsin x

Then yp(x) = Acos x — Axsin x + Bsinx + Bxcos x
yp(x) = —2Asin x — Axcos x + 2B cos x — Bxsin x

Substitution in the differential equation gives

vy + vy, = —2Asin x + 2Bcos x = sin x

1
A =~5B=0.and y() = ~brcos x

The general solution is
y(x) = ¢;cos x + ¢;sin x — %x COS X
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The method of undetermined coefficients

EXAMPLE 6 Determine the form of the trial solution for the differential equation
y" — 4y’ + 13y = e* cos 3x.

SOLUTION Here G(x) has the form of part 2 of the summary, where k = 2, m = 3, and
P(x) = 1. So, at first glance, the form of the trial solution would be

yp(x) = e**(A cos 3x + B sin 3x)

But the auxiliary equation is r* — 4r + 13 = 0, with roots r = 2 * 3i, so the solution
of the complementary equation is

ye(x) = e**(c) cos 3x + ¢, sin 3x)

This means that we have to multiply the suggested trial solution by x. So, instead, we
use

yp(x) = xe*(A cos 3x + B sin 3x) L
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Thank you for listening.

Moataz El-Zekey
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