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Inverse Trigonometric Functions

¥4 not one-to-one ¥4 this restricted sine function I pne-to-one
y=sinx
> T T i .-"----. =
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5 10 : = A x ' {CHR x
— W N, G - --f,-f 1'2_I' T T - - r/ %
y=sinx, —3=x=7

Since the definition of an inverse function says that

=y & fO)=x

we have

sin'x=y <= siny=2x and —?ﬂ}-'s;

Thus, if —1 = x = 1. sin 'x is the number between —7r/2 and 7/2 whose sine is x.
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1 = g] B LI s o~ L .
i A I T x = siny FIGURE 1.63 The graphs of
Domain: [—@/2, /2] e gk e i = -
R -t 41 =l (a) ¥ =sinx. /2 i /2, and
- 2 . {b) its inverse, y = arcsin x. The graph
- L TR , ,J' B mf“ of arcsin x, obtained by reflection across
z ' I the line y = x, is a portion of the curve
_ @ | Domain: [—1.1] r=siny
(@) 2| Range: [—m/2 /2] ¥
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Inverse Trigonometric Functions

Domain restrictions that make the trigonometric functions one-to-one

sinx
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¥y =sinx
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¥ =colx
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¥ =sCcx y=Cscx
Domain: [0, w/2) U (w/2,w] Domain: [—a/2,0) U0, w/2]
Range: (—oc.—1] U [ 1, c0) Ranpe: (—oo,—1] U [, og)
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Inverse Trigonometric Functions

Domain: —1l=x= 1 Domain: —l =x=1
= w - ur T - | = T 1 i =r
Range: gy Range: b=y=w Range: —2-=:_1.=:1
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| 1 o | i | | .
* - >
= 2 2 - o
.
e ] X - 2
—— e e - 1 ————— e e e
2 —1 1
(a) {b) ()
Domam: x=—lorx= 1 Domain: y==—lorx= | Domain: —m = X = =
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FIGURE 1.64 Graphs of the six basic inverse trigonometric functions
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Inverse Trigonometric Functions

DEFINITIONS

y=

-
Il

tan~'x is the number in (—= /2, 7 /2) for which tan y = x.
y = cot”'x is the number in (D, 7) for which coty = x.
y = sec”lx is the number in [0, #/2) U (7/2, 7 | for which sec y = x.
cse”1x is the number in [ —/2, 0) U (0, 7/2 | for which csc y = x.
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Inverse Trigonometric Functions

).

-

arcoos( —x)

Arcsin X

.

FIGURE 1.69 arcsinx and arccosx are
complementary angles (so their sum s 7/ 2).

FIGURE 1.68 arccosx and arccos(—x)
: are supplementary angles (so their sum
arcsinx + arccosx = 7 /2.

is o).
1y = cos [ L) = T (L
sec X =cos |y | = 5osim| g

= q/2 — csc'x

arccosx + arccos(—x) = .
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Inverse Trigonometric Functions

1

The Derivative of y = sin— ! u The Derivative of y = tan™ ' u
with f(x) = sinx and f7'(x) = sin"'x: fix) = tanx and f'(x) = tan 'x
— r I - r l .
I = e Theorem 3 (V) =7 Ihennem 3
(7)) 7 x))
1 1
e F'iu) = cos U = = i)
cos (sin 'x) riAR sec’ (tan~ ! x) 1
_ 1 . —— — I 3
= "..z"’| — Einlfsm—lj—} COs i = Wl SIM {4 lﬂl'l:[EElﬂ_]ﬂ RECTH l
— % S (5N "X} = X = 1 _i:_.,- tan f{tan' x)
==X X~
d . _] - ]
= (sin”'w) = T dv lu| <1
Aty - L _du
dx (tan™"u) = 1 + i tdx
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Inverse Trigonometric Functions

The Derivative of y = sec™'u

}I
y. = Sec X 4 y=secx
SCy =X Inverse tunction relationship _’/ I
- w
ils&c ¥) = i}: Differentate both sides. . /‘" i
dy | -1 0 1
sec ytan y— = | Chain Rule
2 “.dx
dv . : a FIGURE 3.44 The slope of the curve
3 | Since |x| = 1, v besin (0, /2) U (w/2, =) 1y .
- Lt ¥ = sec”lx is positive for both x < —1
dyx secytany and sec ytan y = 0. e
secy =x  and mny = tVsecly — 1 = T vxt— 1
' !
dy 1 t—— ifr > |
AR Kl e N ’
dx V-1 %sec"x =g AT
1 3
i =1L
isec"x = I ; L xVxr =1
dx x|V — 1
d I | i
—(sec 'u) = =, |ul =1
dx |u|w,.-"'u2 — 1 dx
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Inverse Trigonometric Functions

Derivatives of the Other Three Inverse Trigonometric Functions

Inverse Function-Inverse Cofunction ldentities

cos 'y = /2 — sin'x

cot 'x = /2 — tan'x

1 1

cscT x = w2 —secx

TABLE 3.1 Derivatives of the inverse trigonometric functions

{ disin'u) _ | du | < 1

T & sk

2 dlcos'u) B 1 du | < 1

o v B V1 — e dx’

; ditan'u) 1 du

= dx 1 +fdx

X dicot'u) 1 du

: dx 1 4 2dx

o d(sec™u) 1 du

5. = = |H|ME+ ] =1
dlcsc'u) | i

Sl e i M
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Hyperbolic Functions

Definition of the Hyperbolic Functions
‘ ex _ e—x
sinh x =
2
e*+ e
coshx = ——
2
sinh x
tanh x =
cosh x

csch x = —
sinh x
1
sech x =
cosh x
cosh x
coth x = —
sinh x
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Hyperbolic Functions

Hyperbolic Identities
sinh(—x) = —sinh x cosh(—x) = cosh x
cosh®x — sinh’x = 1 1 — tanh®x = sech®x
sinh(x + y) = sinh x cosh y + cosh x sinhy

cosh(x + y) = cosh x cosh y + sinh x sinhy

5L 5 e—.r 2 ex _ e—.r 2
cosh’x — sinh’x = (CT) — (T) cosh®x — sinh%x = 1
_ i B g =Fte - sinhx 1
4 4 cosh’x  cosh’x
4
=~ ] 1 — tanh®x = sech®x
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Hyperbolic Functions

d . g fef—e™ 2 e
— (sinh x) = = ———=coshx
dx 3

dx 2 2
1| Derivatives of Hyperbolic Functions
d . d
— (sinh x) = cosh x — (csch x) = —csch x coth x
dx dx
d _ d
— (cosh x) = sinh x — (sech x) = —sech x tanh x
dx dx
d d
—— (tanh x) = sech®x — (coth x) = —csch?x
dx dx

Any of these differentiation rules can be combined with the Chain Rule.
For instance,

d -\ . - d ‘_sinh\/;
E(cosh\/.x_)—smh\/; dxﬁ_—z\/;
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Inverse Hyperbolic Functions

y=sinh"'x & sinhy=x

y=cosh™'x & coshy=x and y=0

y=tanh™'x & tanhy=x

” |
¥ | ||
i - | I
o - | I
;- o | S

/ 7 Lo/

Ao T : Il"r -y —1] / |1 X
# T 0 Ii T | II." |
b -~ |lI |
1 |
1 |
| |

P I
FIGURES8 y — sinh 'x FIGURED y=cosh™x FIGURE10 y — tanh 'x

domain =& range = & domain = [1, =) range = [0, =) domain = (—1,1) range =R
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Inverse Hyperbolic Functions

3] simhx=In[x+/2x*+1) xR
|T‘4J cosh™'x = In{x 4+ Jxt — I} x=1
B =
(5] tanh"_t=131n(1 t) —1<x<1
—x
Proof #3: Let v = sinh 'x. Then , g¥ —e?
x=sinthy=——

¥ —2x—e ¥ =90

e gl | =}

2+ Jar 1 4
P : x+a x4+ 1

e =
v

Note that ¥ = 0, but x — /x2 + 1 < 0 (because x < /x* + 1). Thus the minus sign

is inadmissible and we have

ed=x+ x4 1
Therefore y = In(e') = |I'I{_'l_' +5fx2 + I]'
This shows that sinh™'x = |I'I(I - yﬁ}
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Derivatives of Inverse Hyperbolic Functions

— (s1 X — ; i h_1 —
ix (sinh™"x) e {cosh™'x)
EXAMPLE 4 Prove that - (sinh'x) = ————
dx ' J1+x27

SOLUTION 1 Let y = sinh™'x. Then sinh y = x.

dy
coshy—=1

dx

d |
and —(tanh 'x) = ~
el dx j =
SOLUTION 2
d d e
E{sinh"x} = Elﬂ{r + Vx4 l:l

Since cosh®y — sinh®v = | and cosh y = 0,

we have coshy = /1 + sinh?y, so

dy 1

1 1
dx

coshy /1 +sinhy 1+
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Thank you for listening.
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