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Continuity equation for one-dimensional flow







For steady compressible flow, continuity equation simplifies to:

For incompressible flow, continuity equation can be further 

simplified since density changes are negligible:



A pipeline carries oil (sp. gr. 0.83), at a velocity of 2 m/s through a

20 cm pipe. At another section the diameter is 15 cm.. Find the

velocity at this section and the mass rate of flow.

Sol. The continuity equation applied to the two sections under

consideration yields :

Q = A1.V1 = A2.V2

V2 = A1.V1 / A2= ((π/4) ×(0.2)2×2)/ ((π/4) ×(0.15)2) = 3.56 m/s.

Volume rate of flow = Q = A1V1= (π/4) ×(0.2)2×2 = 0.0629 m3/sec

Mass rate of flow ρQ = 1000 × 0.83 × 0.0629 = 52.2 kg/s.

Example



Example

A pipeline 60 cm in diameter bifurcates at a Y-junction

into two branches 40 cm and 30 cm in diameter. If the rate

of flow in the main pipe is 1.5 m3/s, and the mean velocity

of flow in the 30 cm pipe is 7.5 m/s, determine the rate of

flow in the 40 cm pipe.

Sol. From the continuity relationship,

Q = Q1 + Q2 = A1V1 + A2V2.

Rate of flow in 30 cm pipe

= (π/4) ×(0.3)2x7.5 = 0.53 m3/s

Q2 = Q - Q1 = 1.5 – 0.53 = 0.97 m3/s



Example

An idealized incompressible flow has the proposed three-dimensional 

velocity distribution

Solution: Simply substitute the given velocity components into 

the incompressible continuity equation:
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Example
After discarding any constants of integration, determine the

appropriate value of the unknown velocities u or v which satisfy the

equation of two-dimensional incompressible continuity for:

Solution: Substitute the given component into continuity and 

solve for the unknown component:



 An irrotational flow is one in which fluid elements 
moving in the flow field do not undergo any rotation. For

The rotation, of the element 

about the z axis is:

Rotation of the field element 

about the other two coordinate 

axes



Example



 The concept of stream function ψ is based on the principle
of continuity and the properties of a stream line, It relates
the streamlines and mass flow rate in 2-D, incompressible
flow.

 An equation that would describe such streamlines in a 2D
flow may be written in the form



continuity equation ∂u/∂x+∂υ/∂y=0                                  

substituting .the values of u and υ in terms of ψ

∂2 ψ/ ∂x∂y - ∂2 ψ/∂y∂x =0                          
since ψ, is continuous function of x and y. it may be observed that 

the stream function ψ satisfies the continuity equation 



For irrotational flow,

ωz = 0

and, therefore, ∂υ/∂x=∂u/∂y

expressing u and υ in terms of ψ ,we get

-∂2ψ/∂x2 = ∂2ψ/∂y2

Or ∂2ψ/∂x2 +  ∂2ψ/∂y2 = 0

This equation is Laplace’s equation for irrotational
flow

This differential equation arises in many different areas

of engineering and physics and is called Laplace’s

equation. Thus, inviscid, incompressible, irrotational

flow fields are governed by Laplace’s equation.



We can formulate a relation called the potential
function, φ, for a velocity field that is irrotational.
The velocity components can be expressed in terms
of a scalar function

(x, y, z, t) as:

The continuity equation for three-dimensional steady flow of 

incompressible fluids , gives

∂u/∂x + ∂v/∂y + ∂w/∂z  = 0
which may be written in terms of φ as

∂2φ/∂x2 + ∂2φ/∂y2 + ∂2φ/∂z2 = 0 
This equation is Laplace’s equation for irrotational flow

u = - ∂ φ /∂ x   and   v = - ∂ φ /∂y,  w = - ∂ φ /∂z



For irrotational flow,

ωz = 0

and, therefore, ∂υ/∂x = ∂u/∂y

expressing u and υ in terms of  ,we get

∂2/∂x ∂ y = ∂2  /∂y ∂x



constant ψ line at any point is the negative reciprocal of the slope of

the constant φ line at that point; lines of constant ψ and constant φ

are orthogonal. This property of potential lines and streamlines is

useful in graphical analyses of flow fields.

u = - ∂ φ /∂ x   and   v = - ∂ φ /∂y





If φ = 3xy, find x and y components of velocity at (1,3) and (3,3).  Determine 
the discharge passing between streamlines passing these points.                                                                                                 

Sol. velocity components in terms of φ are given by

u = - ∂φ / ∂x  and v = - ∂φ / ∂y 

φ = 3xy ∂φ / ∂x = 3y  and   ∂φ / ∂y = 3x

hence the velocity components u = - 3y and v = - 3x

The velocity components at (1,3) are u = - 9     and    v = - 3 

and at (3,3) , u = -9 and v = -9

The total derivative ψ may be written as

dψ = ∂ψ/∂x  dx + ∂ψ/∂y  dy

but                                    u = ∂ψ / ∂y  and v = - ∂ψ / ∂x 

the total derivative            dψ = -v d x + u d y = 3x d x + (- 3y) d y

Integrating   ψ = 3/2 x2 – 3/2y2 + A     where A = constant of integration.

Discharge between the streamlines passing through (1,3) and (3,3)

= ψ (1,3) - ψ (3,3) = 3/2 (1-9) – 3/2 (9-9) = - 12 units.
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Example
For an incompressible flow represented by  ψ = x2 – y2 , 

calculate the total acceleration vector and show that it is 

proportional to the radius vector.

Sol. The total acceleration

a = √(ax
2 + ay

2)

also                         ax = u ∂u/∂x + v ∂u/∂y

ay = u ∂v/∂x + v ∂v/∂y

For the given stream function ,          ψ = x2 – y2

u = ∂ψ /∂y = -2y       and        v = - ∂ψ /∂x = -2x

∂u/∂x = 0, ∂u/∂y = -2, ∂v/∂x = -2, ∂v/∂y = 0

ax = 0 + -2x (-2) = 4x

and                        ay = (-2y)(-2) + 0 = 4y 

a = √(ax
2 + ay

2) = 4√(x2 + y2) = 4r

Since acceleration a = 4r , it is proportional to the radius r.


