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Answer the following questions:
Q1 (22 Marks)
a- Let ] = {[a,b):a,b € R,a < b},c(I) be the smallest o- algebra containing / and S(R) be
Borel o-algebra of R. Show that o(I) = S(R). (8 Marks)
b- Give the meaning of following: o —algebra, an outer measure on X, Lebesgue measurable.
(6 Marks)

c- Let X be anonempty set and 2 = P(X). Define u: 2 — [0, ) by
: __(n if Ahasnelement
il = { otherwise.
[s 1 a measure space on P(X)? (8 Marks)

Q2: (22 Marks)
a- Let (X, X, u)be a measure space, and (4,,) is a sequence in X. Prove that (10 Marks)

l u(@ An) < iu(/ln).
; ' n=1 n=1

‘b- Let X beaset, £ an outer measure ¢i .¥ and, E and F are U measurable subsets of X .
Show that £ \U £ is 4 measurable on X . (6 Marks)

c- Let A" beaset, & an outer measure on X and E|,E, €M, E; N E, = @ where M is the
collection of all u*-measurable subsets of X. Show that

WANCE U E)) = w (ANE) + 1 (AN E,) (6 Marks)
Q3: (22 Marks)
a- Show that every countable subset of R bas outer measure zero. (6 Marks)
b- Let (X,2) be a measurable space and £ € 2, f:F — Rand f is measurable. Show that the s=¢
{x € E:f(x) > a,a € R} is measurable. (6 Marks)
c- Assume that /" and g are measurable real-valued function defined on a domain E € 5. Show
that f — g, f. g and |f| are measurable functions. (10 Marks)
0Q4: (24 Marks)
a- Let (X, 2, u) be a measure space, @ non-negative simple functions. Show for any A, B € X, that
Jaop @du = [, pdu + [, pdu. (6 Marks)
b- Let (X, 2, 1) be a measure space. Forany A € I and the function v: £ — [0, ] defined by
v(A4) = [, @du, Show that the function v(A4) is a measure on X. (6 Marks)
c- Let f be non-negative measurable functions and c-non-negative real number. Show that
Jy efdu=c/, fdu. (6 Marks)
d- Let f and g be non-negative measurable functions and f < g. Show that
Jy fap < [, gdu. (6 Marks)
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