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Answer only four questions: 

Q1:                                                                                                                (14 Marks) 

a- Give the meaning of following: σ-algebra, Measure on a set, Outer measure on a set.  

b- Let 𝑋 = ℕ  and Σ = 𝑃(ℕ). Define 𝜇: Σ → [0,∞) by  

𝜇(𝐴) = {
0    if  𝐴 is finite
∞ otherwise

. 

Is 𝜇 a measure space on 𝑃(ℕ)?   

c-Let (𝑋, 𝛴, 𝜇) be a measure space, and (𝐴𝑛) is a sequence in Σ such that 𝐴𝑛 ⊆ 𝐴𝑛+1, 𝑛 ∈ ℕ. Prove 

that   

𝜇 (⋃ 𝐴𝑛

∞

𝑛=1

) = lim
𝑛→∞

𝜇(𝐴𝑛) 

Q2:                                                                                                               (14 Marks) 

a- Let 𝑋 be a set, 𝜇∗ an outer measure on 𝑋 and 𝛭 be the collection of all 𝜇∗-measurable subsets 

of 𝑋. Prove that 𝛭 is  σ-algebra.   

b- Let 𝐴 ⊂ ℝ and 𝑚∗: 𝑃(ℝ) → [0, ∞) by 

𝑚∗(𝐴) = 𝑖𝑛𝑓 {∑ 𝑙(𝐼𝑛): 𝐼𝑛 ∈ 𝐼, 𝐴

𝑛

⊂ ⋃ 𝐼𝑛
𝑛

}. 

 Show that 𝑚∗ is an outer measure.                                       

Q3:                                                                                                               (14 Marks) 

a- Prove that the outer measure of an interval 𝐼 is its length.    

b- Show that the Lebesgue outer measure is translation-invariant.    

c- Show that every countable subset of  ℝ has outer measure zero.   

Q4:                                                                                                               (14 Marks) 

a- Show that every interval in ℝ is measurable.         

b- Assume that 𝑓 and 𝑔 are measurable real-valued function defined on a domain 𝐸 ∈ 𝛴. Show 

that 𝑓 + 𝑔, 𝑓. 𝑔 and |𝑓| are measurable functions.        

Q5:                                                                                                               (14 Marks) 

a- Let (𝑋, 𝛴, 𝜇) be a measure space, 𝜑and 𝜓 non-negative simple functions and 𝑐-non-negative 

real number. Prove all the following statements:       

1.   ∫ 𝜑𝑑𝜇
𝐴∪𝐵

= ∫ 𝜑𝑑𝜇
𝐴

+ ∫ 𝜑𝑑𝜇
𝐵

,   ∀ 𝐴, 𝐵 ⊆ 𝑋.          

2.  ∫ (𝜑 + 𝜓) 𝑑𝜇
𝑋

= ∫ 𝜑𝑑𝜇
𝑋

+ ∫ 𝜓𝑑𝜇
𝑋

.                               

b- Let (𝑋, 𝛴, 𝜇) be a measure space.  For any 𝐴 ∈ Σ and the function 𝜈: Σ → [0, ∞] defined by 

𝜈(𝐴) = ∫ 𝜑𝑑𝜇
𝐴

, Show that the function 𝜈(𝐴)  is a measure on 𝑋.                 
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