
 
 
 
 

 
 
EXAM: Final                TERM: 2                                     LEVEL: 3 
COURSE TITLE: Theory of Differential equations     CODE: 311 Math 
PROGRAM: Mathematics                                             MARKS: 105 
DATE: 13-6-2023                                                            DURATION: 3 hrs 

DEPARTMENT OF MATHEMATICS  

 

Please, see the other page 
 

Answer each of the following questions: 

Q1: (28 marks) 
1- Define the following: Oscillatory equation – Stable critical point – Singular point. 

2- State and prove Peano’s uniqueness theorem for the IVP 𝑦′ = 𝑓(𝑥, 𝑦), 𝑦(𝑥0) = 𝑦0. 

3- Test if Lipschitz condition holds for the function 𝑓(𝑥, 𝑦) = sin(𝑥𝑦) on the domain 

     𝐷: |𝑥| ≤ 1,  |𝑦| < ∞. 

4- Prove the existence of a unique solution of the IVP 𝑦′ = 𝑥 cos𝑦 + 𝑦2,   𝑦(0) = 0 

on the domain 𝐷: |𝑥| ≤ 1,  |𝑦| ≤ 1. 

Q2: (24 marks) 

1- Check the linearity and homogeneity of each of the following systems: 

(i) 
𝑥′(𝑡) = 2𝑡 + 𝑥(𝑡) + 𝑦(𝑡)

𝑦′(𝑡) = 2𝑥(𝑡) − 𝑦(𝑡)       
 

(ii) 

𝑥′(𝑡) = 𝑥2(𝑡) − 𝑦(𝑡) + 𝑡            

𝑦′(𝑡) = 𝑥(𝑡) + 𝑦(𝑡) + 𝑒𝑧(𝑡) + 𝑡

𝑧′(𝑡) = 2𝑥(𝑡) + 3𝑦(𝑡) + 𝑧(𝑡)  

 

2- Solve each of the following linear systems: 

(i) 𝑢′ = (
2 2 2

−3 −3 −3
1 1  1

) 𝑢  

(ii) 𝑢′ = (
 1  3
 0   1

) 𝑢 

(iii) 𝐱′ = (
 1  2
 2   1

) 𝐱 + (𝑒𝑡

 0
) 

3- Prove that the fundamental matrix 𝛷 of the system x′ = 𝐴x, (𝐴 𝑖𝑠 𝑛 × 𝑛 constant 

matrix) on 𝑅, with 𝛷(0) = I, has the exponential representation 𝛷(𝑡) = 𝑒𝐴𝑡 on 𝑅.   
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Q3: (25 marks) 

1- Determine the type and stability nature of the critical point  (0, 0) for the system     

  
𝑑𝑥

𝑑𝑡
= 2𝑥 − 𝑦,       

𝑑𝑦

𝑑𝑡
= 𝑥 + 2𝑦 

2- Investigate the stability of the critical point  (0, 0) in each of the following cases: 

    (i)   
𝑑𝑥

𝑑𝑡
= 𝑥 + 𝑦 + 𝑥4𝑦4,       

𝑑𝑦

𝑑𝑡
= 4𝑥 + 𝑦 − 𝑥3𝑦3  

    **** 

    (ii)  
𝑑𝑥

𝑑𝑡
= −𝑥3 + 𝑥𝑦3,                

𝑑𝑦

𝑑𝑡
= −𝑥2𝑦 − 𝑥2𝑦2. 

Q4: (28 marks) 

1- Determine the ordinary, singular, and regular singular points of the equation: 

  𝑥(𝑥 − 1)2𝑦′′ + 𝑥𝑦′ − 𝑦 = 0             

2- Solve the equation   3𝑥𝑦″ + 𝑦′ − 𝑦 = 0. 

3- State and prove Sturm’s comparison theorem for second order differential 

equations. 

4- Study the oscillation of the equation 𝑦″ +
1+𝑥

4𝑥2
𝑦 = 0 on (0, ∞). 
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With my best wishes 

Professor Dr. Hassan El-Morshedy 


