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Chebyshev Polynomials (book page 71)
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d’y _dy

dx? " dx

(1 — x%)

T, d;ij\&jﬂ\wWJJM\a\Jﬁs °

T, =y = cos(n cos™1x) (La8a3)
U, S8 & all e candind 3 gaall il i< o
U, =y = sin (n cos™ ! x) (dada0)
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@ cos (x+y)=cosxcosy—sinxsiny
@ cos (x—y) = cos.x cos y + sinx sin y

n .
0cos(:)---l')=smx

ST
05|n(-2--x)=cos.t

@ sin (x +y) =sin x cos y + cos x sin y
@ sin (x —y) = sin x cos y — €os x sin y

b8 T
@ cos (5 * x): —siny sin (; + '\') =Cos X
cos (T —X)=-cos x sin (T —x)=sin x
cos (T +x) =—cosx sin (T +x)=-sinx
cos (2m - x)=cosx sin (2 —x)=-sinx

g . n
¢ If none of the angles x, y and (x + y) is an odd multiple of =, then

fanx+tany
AN (e ) =
(x+3) l-tanxtany
tanx—tany
¢ tan (x—y)

~ 1+tanxtan y

@ If none of the angles x, y and (x + y) is a multiple of m, then

cot xcot y -1

) K S e

cot(x +y) coty-+cotx

cot.x cot y+1

® COUAE =)= To5t y —cotx
7 s - e tan’x

@ cos 2y =cos’x —sin*x=2cos’x~1=1-2sin*x = 3

1+ tanx

Golha S clay) &J&L‘

AN LAt J)gal) S
cos20 =2cos? —1 =1 —2sin*0
Sin 26 =2sin @ cos 6
cos(x +y) =cosxcosy —sinxsiny
sin (x + y) =sinxcosy + cosxsiny



Chebyshev Polynomials
T, =y = cos(n cos 1x)
WS ad e (el a g8 J oY) £ gl Cra Cadind J) 93 add MY
ANy QeSS T, ¢l @IBaY) (@ =cos™1x, x=cosBd uasd)
(x Ny Jsai sl cos O

n=0,T, (x)=cos0=1
n=1,T; = cos(cos™1x) = x

n=2T,=cos 20= 2cos*8 —1=2x%-1
n=3, T;=cos 30

= cos (20 + 0) =cos 20 cos 8 — sin 260 sin 0

= (2c0s® 0 — 1) cos 8 — (2cos Osin ) sin O
=2c0s3 60 — cos@ — 2 cos 0 sin® 6

= 2c0s3 6 —cos@ —2cosO (1 —cos® )

= 4cos®0 —3cosO =4x3—3x.
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n=4,T,=cos 40 = 2c0s*20 —1=22x*-1)? -1
= 8x* —8x%2 +1
T5,T6,T7,....&5J}AQ‘M\&‘9

N af 08 Oyl agli AU £ oll) e Cindind ) g0 asd Sl
(@ =cos™tx, x=cosB® O oask) A
(x ANy Jgad & sin B AN eSS U, ) o) BaY)

Up S g sl (e Candind o gaall Gl S
U, =7y =sin (n cos™!x)
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n=0U, (x) =sin0=0

n=1,U; =Sin(cos™'x) = sinf =V1 —cos2 60 =v1 — x2
n=2,U,=-sin 20 = 2sinf cosf =2 x V1 — x?2

n= 3,U; =sin 36 = sin (26+ 6) =sin 20 cos 6 + cos 26 sin 6
=2sinf cos@ cos O+ (2cos? 8 —1)sin 6

=25sin0 cos?® 6 + 2 cos? 6O sin O -sin 6

= 45in 0 cos? 0 - sin O

= 4sin0 (1 —sin?)-sin 6
= 3sin0 - 4sin3 6
=sin 0 (3— 4 sin® 9)

=vV1 — x2 (4x%—1)
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2% -1 2xV1 — x2
4% —3x V1 — x2 (4x%-1)

0
1
2
3

Lad o) glilind (fa Cua Baiall Gl s goaa gill Jgaad) 124



n=4,T,=cos 40 = 2co0s?20 —1=22x*-1)* —1
=8x* —8x%+1

TS) T6) T7) szc d)“éﬂ\ uSAA \'JSAJ

n ad o8 gl a gkl AU £ @l (e ciudiand JI g3 ad Sy
(@ =cos™'x, x=cosB® Oloasd)
Up S ¢ il (e Candiand 3 gaall el i€
U, =7y =sin (n cos™!x)
n=0,U, (x)=sin0=0

n=1,U; =Sin(cos™'x) = sinf =v1 —cos20 =V1 — x?

n=2,U, =sin 20 = 2sinf cosf =2 x V1 — x?2

n= 3,U; =sin 30 = sin (206+ 0) =sin 20 cos 6 + cos 20 sin 6
=2sinf cos6
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o (ALT: las Jead) (30) SV 22

x 1 0 0 0 0 o
1 2x 1.0 0 0 0
0 1 2x1 0 0 ¢
0 0 12 1 0 0
0O 0 0 1 2x 1(1)

0O 0 1 2x
8800012x

Forn=1 T;(x)=x
= [F t=2x? -1
Forn=2 T,(x) = 1 24
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1-2z
1-2xz+ z2

The generating function of T,,(x) is

Keep it, the proof for reading

X dalg e A A Cindind A1y o0 BaY
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Orthogonality of T,,(x)

1 T,Tpd .
1 [ 2=, ifm #=n

=§, ifm=n 0

= T, ifm=n=20

iy )l dpdd QU] 8 ) g faa Jgow ClEY)
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Examples for orthogonality of T, (x)

1T3T2dx
1 |, — =0,

1 T-Tq1dx
Zf 7111 O,

1— x?2
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Orthogonality of U,,(x)

1 UpUpd .

Zf "lmx 0, ifm #n
1 U,Up,dx =« .

2 [ —— =3 ifm=n +0
1 UpUpd .

3 | nTm=Z — ifm=n=0
- 1— x?
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Recurrence Relations

1. Tpyq + Tyq = 2xT,

2 1-x*)T",=nT,_4—nxT,
3 U1+ U,.1=2xU,
4

. (1—x*)U',,=nxU,—nU,_4
( )



.Z. Tn_|_1 + Tn_l —_ Z.XTn
Proof
T, (x) = cos(n cos™ ! x)

1x cos@ =x

0 = cos™
T, (x) = cos(nB)
Tpi1(x) = cos((n + 1)0)
= cos(nB)cosO — sin(nb)sin 0
Tp_1(x) = cos((n — 1)0)

= cos(nO)cos0O + sin(nb)sinbd

“ Tpi1+T,_1=2cos0 cos(n@) = 2xT,,.
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2.(1— )T, =nT,_,—nxT,
T, (x) = cos(n cos™1x)
T,,(x) = cos(nB)
, n sin nf
T n(x) =

V1 — x2

V1 — x2T',(x) = nsinn®

V1 — x2 A qual

(1- x*)T', =nV1 — x% sinn0
(1 - x2)T', =nsin0 sin nd

=nT,_{—nxT,

:Tp_1(x) = cos((n—1)0) = cos(nB)cosO + sin(nh)sind
=xT, + sin(nf)sind

sin(n@)sin0 =T,y —xT,
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